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The problem of constructing an optimal schedule or sequence, 
! - ' .,. 
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not been reporte(J in the . literature·" ;, .This· paper presents an ana 1ysis 
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. { of the effects ·on the ·optimum sequence of changing th~ tiJQ.e ·of ~ 
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',J ,. 
' . :., 
;' 
' 1· •·.! 
... -. , 
. ·: _,.· 
,:,~: 
· ... , 














I • )h .· 
·.·.~. 
;.-,-_. 


















, A -.r- ' - ·_..--'.' :: • , 
I 
il 
f 1 , 
I 
I. 









. ,. <i 
• 
.. . . : I~· .! • 






- - -- ---.. --- ,-,_ -. -. - .- -~- - . -- - -_ 
' 
-------·-· 


















' - •' 
·_. -ti/ 
--_-·i·'i : ~·. > :.; 
.1' .. 
• "} f. 
II 
/• ',,:',, . 
. . :, 







• J • lj,-" ~' 
~ ' . . . , 
0 
I. INT}lODUCTION . 
. , 
. 





_____________ q,.~-'l.'he pra~em of constructing~ an optima.I schedule ·or sequence, . 
-·- ) -
. . 
- - ..... - -
-~ 
.given that there are n :-Jobs and m mac;hines, has been ,inten·sively. ·--- ... ··- -.. ·-~·--- - . - --- .-----··:.., ______ .. /'-.-, --.-:. . . ' .. 
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. .; .... _ .. ·. -~-----------------~------------- -. --·----··- y.. ---~~-- - -- -- -- - ' --------- --~· _--~----~-~- . - --- . - - ----- -~-
------,-, ;: :-, ::~c:-: .. c:::::c·:--:--ccc·mathematrc1tt·--a1-gor1.-tlims--·wnrcn-can· ··oe:lfsed ·ttf ob.tai.n optimal· .or near: -
-v~-=c,,,.,_,.,_......,} 




. - ._·v· ,· -,;· 
.. 
, I 
(~--,-~.;,·, • optimal solutions to the. static case of the scheduling probl.em •. _: In· · '. '· .: ..... ' 
" '/; . ,, 
,.··the ·static case of ;the· scheduling problem, all of the·n jobs ·are as-
--..:..: 
. . . sumed to be available prior to the start of t~e- s~be~uling ·function_.,;·., . .,_._ 
,,..-
. . -
- Each of t;he it jobs consists of m -operations; or one ,oper_~tion· on each 
.. '' 
. "' .. --·~- _____ .,,.._,,'--,.' 
- ' In the ··staffc· case,. the oper~tion-~im~s are as-
·-~ 
' - of the m-· machines . . ~-· 
t 
. . 
· stimecl to b.e detern1inistic. and are known a pri<:>ti. In th~ ·.dynamfc f. . . 
·· ·.· scheduling probfem,· new jobs. l:lre allowed to enter th8 :Sy$tein after tbe 
· · , - . . · 
. I J _ I, f 
l 
start of the scheduling functi·on. 
-
. · 
- ·. · .. . .· a-P, ·. ·. Operation times· a·re. a ssum~d.: to be -
<' 
,s:._ • 
_ probaµilistic and are · known · a posterior_i-. · · ·Tbus, ~olutions to· -·dynamic._ 
. ' 
. ' 
·'·" problems·. are b;ised upo~ Proba l:>ili ty · a~queueing theory while sOJ4-. ·-·-· . i 
., - ' ~ : . ' . .,;l, ' 
.,, ' ·, 
. o·tions' ·t.o s,tatic '.'problems· a!e 'more: algebraic in. natqre. --- --- ... -- . ·-------. -
·{I 
' 
- 1 . ' . .. ·, · ... ·, ....... ~ ~. o: 
< -- . 
-.. ; , Very }it~.le ::=investig~tion has been attempted in· th~ are~_ of _-. \ ,. '. . ' ' 
1 




.- ;---~ <· ;tr•, t.,m!i tion between the":statiC and dynam:i,c cases. Suppose that w~ a.r,e 
... cilr;~nted ~i~·; :\static scheduli~g problem an~~~at w~ .ha:e us~;' a. 
matliemafica·i· set cf rules to construct a.n ·optimal scJhedule ·fQt~·some. i " ' ., I . 
' - < 
;, . 
• -· criterion.:which )Ve wa.n:t to 9Pt,!,,JlliZ~ .... One of 'three possible situations l!l'f. • 
' •. 1_,,.,,..-...:.-.:., 
/ .. 
can:, now~ occur: · . -
~ -<.( ~- .. 




. :-, 1· ', 
- ·, . .-.,_ 
·;;· 
. Everything goes smoothly ~11d ·exactly as a,nt.icipa·ted. - This -,!. '. r-
., : 
- poses ,no p:robl~m. and i_s ·al_so · highly µnlikel,y o . I 
- ' 
.. ~ 
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breakdown situation, i.eo, ~ pert'4Jrbation enters tbe-syst~m, ·---
·,·t 
Prior to th~ actual start of the original s.~hedule ,· but ~fter 
- ' 
its computation, some new informat~Qn ·becomes·" .. av.ai-lablei,.· -
i 
. -
--- __ ..... 
;file ... purpose 'of this thesis - is 'twofolcfo --···rtr~itly, its· pitrpos~' is 
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one of these particular problems is selected ·for det~iled 
This' will be discussed in 
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. , • ··.•. ,_·.· .. J•_ .. 
··? 
·J 4 . ,. 
. ' / ') , ' _., 
•• 
, ~ ; • ~ , ; , c J' I. , • :r:. 
f • ll o . DESCRIPTION OF THE SCHEDULING ;PROBLEM' · · .r···•··'""" ,\ 
. ~ . -- .. 
-. 
· We want to schedule n jobs throug·h. m ·machines .. ~~ ~uch a manner 
. ! . . 
optimizes the objective· ·function~ 
. ~a ·: . . 
·, 
, .. · .. . 
--- . _, ..... · .. . 
. ,_,_.,, 
. ·.All scheduling problems can· be di vi~ed· intc;,. t~o b?4s_ic 'grqupE;,,_ > ·-: -. ' > I', . , . . ' 
Group I - The. Static ·case-~-
· -
.· ... > * .•• . . -~: . . . . 
... I 





' - .(, . '' .·l all of m machines~ All ,:,f the n jobs a;re a$s1,1111e!i to be ava:i.litbl.lS .at / · .. · l , 
. __ · ,.' . - . . . - .. -- ,. . . . -.. -~;· < .. : .. ·. j.,,:,, I{ 
• 
11 
time zer~," · tlla t is, no ftJture ari-i Va 1$ are perm;i. ttEid • .• ,, : · .••... ·•. :. , .. .. ·i ,·.·': .. · l 
Group II - The ,~th~mi,£ Case < J 
·. .• .•. · ... ~~---:~. •• l 
' ~ 
. ' "' .. , ·. . . . ,·<:. ; . . •.. '" .,.·_ .. ·: ' .. :_ ·. -. ·_ .. · ·:·:.::. ··i,. ·.: . _:- --~ . --~: l 
, j. New jobs ·are~·-~llowed · toi enter. t}J.e shop. - ,".E,:;tch -:t:1m.e any_o~,. 0£··.tl\, _) .···:·: . " .-_. -~ .. -k 
• • • 
' 
' ,. < 
' • • • ' • ' :. ' ·. ~ .. • ·••• ' > : ' ~ < \ ' ( ( . , l m · m~chi,nes completes an ~per at i~p.,. a ·· d·ec_is·i_()n must· ._be·. -~~d,e ,_ as :to . ·w-~tc_~ -.. · · .. .- : __ · ·. · _. ·'t ,I' • • • ·• • • 
- • • • • • • ' • • 






•' of the avail able jobs should be' a'sstgnep . to the DJachj.ne O. "· --• ' - -
. I ' • 
' 
' . I • r . 
. The ·static ci:ise t_s ·· the·, subj.ect of_· this ti\~s-is o_,· 1- ·. :~~!!. sq!yiµ.g the .___...... . 
. -- -- :,.J'.. . .. • • 
-·~·-- < ''.: ' ,.. (\ • 
• 
· __ static scheduling problem,· two addition~l- ~~SUDlPt-ions ._are· tisµally m.ad~-~--- · ~ :·:.· . ' ' . . ,,•' •· i 




. . . 
·::-·--· '"· ~ --------·--· . ---- - -
' only orie job can ·be .processed on a ~1nachi·ne .. -at.· a - "t;im.e"j ,, 
-. . 
. '.-· :; . 
- ' . . ·. '• .... 
- ------ --'--,--c-~ 
, . . : .. ' ' .. 
,-. · .. 
:· . . 
. . . 
. . . ~ 
... 
·.2. -·-all oft-he .jiro~:ss~n.~ ti~es ~re .. kno~~:~ pri,orii'a'hd-~·~~- de~ - ' : ' . . ' .. ~ ... ,, . ' ... _ 
. - ' ·. 
- . . ' . . . . ; 
. 
. . 
. ~ ' 
' , . 
. . . ~ · .. 
. terministico· Ji I • • • • • • . ; -· . .' ' . . . -<.; .. ...,.. 
. -.i:.·. 
' 1' 
. . -·. . ~ .. 
/ : . 
·. The- part ia.l relaxatipn of. this second ~s-sumpt~on· p~E;te:s, tJu~>p:ir'Qb- :-: 
lem of this thesis. 
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' ' f, ... ' • 
• 
\·: 
In a fl ow shop the order of -pr;ocess il)g on the. m machines is the 
possible_ seque.nces o In· tne above example. ,.th~:re - are -two; ·. · Ei tlte:r A 
• .· 'l 
on :some, inachines Qu_:t~ the· sequen~e ,-
' 2. · Job Sh.op _(Randomly }louted) · 
'·t •· 
., 
-.. - .; MACH · l · A B· •. ' 1 BA· ... 1 · !tu·· --:--· ' ·'- .. -··. 
'· ' 
- ' ' 
·- -
.. MACH; 2 · A .B . 2 .. ·-B. A .. ;; __ : .. 
· ... -- ~- .. •·. 
' ' ''. . 
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. ,t. 
3o Job .Shop (Arbitrary Routing) (General n/QJ.Prol,llem) .. 
..• ,,,,, - . .,, 








.... ,.. ·H 
·, •- : !J 
..... - ... JI~. this case, each one of the n jObs lltts a partie~iar ~chine Se- · .·... i (I 
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IVo DISCUSSION OF -PERTURBATIONS IN THE FLOW SHOW MODEL I -
'"'-- - " ,(1, 
. In--th:is section· we will<_m_erely~_list __ some -of the possible ···---·-·--·-----··.:..: .. _. ___ ..:.:....~-'.~---- ... --· ·-----·---·-···-- . . ----··---·---- --·----·-----····--·······-·- ---·--·---------· --~ ..... ~----··,_...__ .. ,. .... ,-----·_-...;...._.,,._ - .... "- .... ;_ ... _:__ -·····-
--- · __ -·'· ····--- -··-·-··-----
--· ... -.. ···-······-··· .. ··--··--·---
. ,,.,... _-
. ----· __ ·· ____ - · ___ ·· __ . ___ _-_-_-._ ---~- --··--····-···---·-----------····--· 
-----· -·--···· -----·----····---
--:--~--~~- . ··~~:·.. 
>,,- _";IL~ 
··-- -··· •• ··---·----- -
I 
• 'I..<,' • ~-~-;;--:~------"-'-----'---~--."--:-~-------------'~_: ____ --~--:~---''-"s'ched.~1~-~-d~g~~d;ti~~-~-,, which may occ~r in our deterministic, static_, -
f' 
' 
-""") . As such they represent the most elemen- - ,-:,--~~-'-c--- :: _ ------ - -- ------- ------ - -------·-··------:--~·---......;·---. ,..-----·~---.M ----
- --·--·---· . -----
- --
. ,'· 
~ tary_ transitions from the static. to the dyiiai,ii~ caseo This· section _,_. 
J will merely serve to categori:z.;e, some exogenous deve-lopments which·_ 
. ~ 








Each.of them_m;ight b~ the subject of a thorough analytic stu<\yo,. 
Some discussion is included about· the. machine breakdown. situation. 





. .... ,,.\". 
,· . A machine will be out. of . s·~rvice for: a· known. interval of -ti.me •. -:: - :· _ 
· ·. Even for the flow::shop ,_Qase, there are· many po~sible situatto11~ .· · F~r, . . . ~ . ·, , .. 
,..._ . . . - ,, . 
.-
.·.: ',- ·--. . instance J . 
' . . 
. -. •, 
_ . 
. · ·;,. . 
. • I 
,_ .. ,,_~ 
,,: 
I 
· ao the ma~hi~e on which the ·breakdown· occurs is- currently 'idi:e~ .. • 
. ~: . :·'. . ... ·. . ~. '..- '"';, 
b. the_ machine on which the breakdown occurs · -is . currently pro-
-~ 








_, __ ... ·)'·-
__ ,, ,.-
. c. the downtime may last until the c_urrent :-sch~dule r~s qut"· or,,· 
--
.... · · d. the machine may become available a_gain before the curre:Qt. - .. 
·• 
. •. 
• schedule runs out o 
/ 
In the .. c_~~e where an. ~peration of job i - is being ·:pz:oc_essed _on ma:- : 
1,s. 
• , ,. 
-
-··r-'-.;·-, . . .. · ,... 
. . .. 
-
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. eQ .~jo·lr--± must be started over .on machine l . (no. re.swne' ·start· -·;''. 
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j I\ f'i 
I 
/ ' 
f · of the breakdown. must start ov;er on machine ,j, 
,I 
g. · .the interrupted opera;tion may resume, where it was :iinterrupted ij 
.···.,c,'.,: ... ,;,.:_::_.;7,.c,. __ :_::.:_:c:·c:::...:·,.:'.'.'--.·-'-:·''·_-· ::-· ccc:...::..__~-.-::.:: ___ :_ __ .. _.:=c.,--:.:.:_;__;_;;,;:;_· c_·.;.:._:::c:.:.c:.. • ..:.:c;;:·.~c.c:.;;.:.:;c:c,.: .. ::.: .• ·:· ... c.:.;:_.c •. : ... - : ''-':::'. ~ ..... l_ ..  ................................ --- ......... ·-. -···· ... ' '-~- ........... ·,· ¥ f 
"'when lllichinliWj oeCl'.l~e; :!l.~ailab~ aga_tn,_. ___ . . . ,·. . .l 
t:_-1 . ~ Fllrther, the ab~rted o~eration · can follow one of· the resta:rt ,c-,;;,::~·,;, ~; __ '.j; _ .. -~ 
·--·-- - ··------···· .-··---.. -- ---·-·- ·----~ •: -- ---··- • .... ·------------- ----------······-···-·--·-·· .. -- ----···-· 
. requirements- (e., -·f, g)---ei-t-her . 
. 
, ... ·, -::1, 
r .. 
.. ,..,, 
ho '. immediately or 
,. {, 
l,i ... ,. ......... .... 
i. not until a certain period of time· has elapsed.. lf there is_ 
-
elapsed time until machine j becomes available, ~a..:in there 
are two possibilit1es·: 
r'. .. ' 
•!"} ·; • • • 
. ' 
· Jo. other jobs can be processe~, i·.~., the machine is 9ut of .· 
-- -----~-----------
,,, . ·----·---------------··· --~--- --··. 
·- ... , 
···· -seri vces to one job only or _._.,.. ' . -•.·--···-· - ... _ ' 
k. :the machine is out of service to ·all jobs. 
--------···-
.--- -- - ------·------------- --- -. 
· The length of the elapse~ time may extend until.·· 
the remainder of,, ... tl).e schedule " , " runs ·-out ·.or·· -
m. - • .. ' ' ' . . ' ,' .ft ' ' ' ' " . some point · in time· before the. schedule runs out~ 
" As can b-e. seen, there are ~any combinations which can occur. , I 
-----""' 
- . . . 
-
'' 
_uncompleted portion bf the scJiedule- fo:r which the 'exi:sting .sequence, ·9 
·· may. or- may :not be optimal~ '. ... , ... • .. -
,.-··:::·it' ·i~ ,_ ~~~~rent ~,iat, if an ·oper~tion currently in process . ~t -the , . ' .. , 
~··"_ . ' ~ ' . . . 
time of the -interruption is on the schedule cri.tical pat'h, (to be 
•. , 
However,· it may be. t1;;_ue that the psrtion of the-~»pro blem. which· must 
,? 






' . . -~ . --- . 
. · .. : -- . . 
# rupted schedule o · Hence, the <:>veral.1 make span. ~i.11 be ·lengthened -by ·_ 
. i:P"- ,. . 
• µ 
--~ 
















an amount shortex::=" than the duration of · the breakdown o 
.; 
;1) In geraeral , _ if ther~ ar~ m machines, and, -~t some po int in t-ime , 
----·-- ·-·---
-..:-- --.. ··:. ---- ·-_ ' -- -·- ····--· -· ,_ --_ -_ -·.-: - -·--:· ·;~ :- -... ---.. ~_" ·-.. -~---··--..::-.:_ -· -~···- -... •- - -- --- --- --· -· - ,.. - ----- --~ -·------··----------.---·-·-···-·--·----.---- -------·--··-·-------- - - ----~-- -·--· ----·-·· - - - - - - - ---··-·· ·----···---~ --·- ----------·- -- ... - ··-·····-·······"··---
. -···---····-· . -----.-.----······--~------. ·······--------·--- .-,------····--:-~-- ···-·- - ··---·-·--··-·· ------.-- -·-·-· 
.-.. :...•·, 
~==~=~~~:~:~~~~~~),t~or~futl 
schedule can· proc eed unin~terrupted on machine~ l._,. o e. ·, i-1 o It ·must_~;.-r,, 
·.' ·,i ·,·:·: 
!- (halt on machine i ;/) 'On ma.chines i+·r: o o. ,m, the. o·riginal schedule can. 
' • C = 




In e>.ther ;.Words; those . jobs, not :yet 
•,~~- .. ' 
• 
__ c<:>~~lete.d on ,i~h::::ine i..' ~annot go on to, machine_ i+l, ••. ,m._ until the 
-. 
•• ,:,, ,._ '<! 
. \ -
.bre·akdown- s-ituatiC)n·is corrected. .- ,,1 ., • • ;, .- 4 
. ·, :,, 
, . -
As an exampl~, suppose· job 4 on machine 2 encountered a break,;,.. 
'\ .. 
. \ - ----·-·· , ... ·-··-·- ,.,., __ .. ·--·- - -
.. -~ ,•. 
- - ....._ -- "7-~ ---- -----
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... -· - -·· -· 
d9wn condit-ion at tJm.e· -20 1(See Fi.go l on·fo'liowing p·age) o Two .time 
Ullits of processim~ ha.ve been completeti. (condition b) . . Further suppo~. \ 
.. , 
' the· machine did no t become .. available again until time 53, when the __ 
remainder of' 'the s ~hedule has been completed· (condition c) o In. oth.e_r· 
:w.ords, all -operaticons on machine 1 can run to completion and jobs 
5 and 3 on machine gs 3 and 4 ca-n also be completed o · If ·"=at t't1~t PP!J'.lt 
.. ··M 
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However,ii~_ con<iiti.c:on(f) holds·, then· we have . 
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I~ condit-i.on\ (g) ,is applicable, then 
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Any of the new problems may yield an optimum sequence \\'!J.ich -dif:f~r-s~--·,~;-: ·· · 'I· r· - .. from. the original one which iis (4, I:,: 6; 2). 
;.Change in Job Priorities · 
We have been concerned so far With optimizing overall makespan 
·and. not witlJ., any due dates 0 
__ :· ____________ ----
. --- - ------~------~----c.._ 
.model after the optimal schedule ·has. been completed:;,_ Ji resche_dµitng ._· .... • • I • • • __ ,: • ': -··--·-· . ' ----- - -
pro-bl,~m is formu1ated w·hich has many possibilitie·so - A j'.~b:wi_thin .· ,, 
... 
·. tJie sche-dµle: may ·be ass~gned· -a completion .ti·me. ·from w.ithout the. . ' -. .,, : 
,, 
.•. system,, as .. ,:-1by managemento _ T'his is termed an e.,togenous ;due dateo · _, . 
The schedule must be revamped. to meet this date (or perhaps to· miss 
... 
•. '1l it by'. the m'iniinum amoUlllt possible) e ,. ; . 
•.\ V 
Fur"ther , l t may be ·required for so me reason - (s,ucJh as commit~ d . 
' . 
· ments to· customers after ·.establ-ishment _of_ the originaJl scheduJL~) ·_ 
••• 
-
.. _·., . .... 
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_Lack of Componen. t Parts I \·. 
In an assembly type of operat.ion, certain piece ·parts are:" re- .. · 
• I 
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VII o DISCUSSI~N OF· (]AN'FT-PE1''l'~SLACK·· 
,· 
. . .. A .... most -valuable tool -for.· analyzing a ·schedule·· and the effects 
.. 
of changing operation times on a schedul~ ts tbe sl,a~.~ matrix for 
.. 
-
' . ; ... that schedule" There is a direct relatio:n~~ip· ~twf3en an opttmal 
~ . __ ,, 
.. ' •. , _.,.. -··- - . ;, - .• --<· - -~'-.. '. 
. . --- -·-
- .•.. . 






. charto Consider the Gantt c:tiart of figu.re 2a, ··wµ_icb :r€;3p:r_esepts · a_ 




solution for a particular ope:ratit,n t.ime ·.matrix~. Sinc,e th~ v·arioqs · -, .. , · 
r,·, 
. " 
' . --· ... 
~---·.,.:operations are interdependent .in .thatc/the ciiffere~t ·opert¢1tions. 
_ cannot ~;"tart, before ?the:rr oper-~t;ions ~:re . ~9mpl~t~.d,. the Gant~ . ,, . 
. . . 
., ... 
-· .,_ '.J 
chart can be represented< ~s a :rnetwor·k as .sl1,<;>~JP1 · ~n. _;F.~~~e 2b ~r in· ·-. 
i,ts· m~re familiar f'e~at shown in ·F~gu~e., 2c.: · i'n F:,tgu;r~.- ],<:. , 4.node · 
• 
. ' , ~ • 
. • ' '\ ' b ~,.\ • ' 
• • • • .· • . • ' ' . : ' • . . .-· :· ' • • • • , • : ' • . • • • • • . . 
. 
(i ,j) represents the s~art of job i on Jii~cJiin~ · j o t_n. g~Jl-~r-al,. 
. · whe~ there. are n. jobs _'and m macllines_,• _tbe· ·pf.'~_or~.-vyiJ.l': apllear ·as: - ·· 
-·-···· 
. . . 
. \: . ·~- _. __ :;\ .. . , . ·. . . ._ - ' 
. 
· - in Fig»re .. 2do ,Hence any flow shO:P solution cran'' p~ rep]fese~~ed as .. ~ 
~. PERT network and each ope~a.tiQn· ._has ~'1 ~sso~i.at\Sd slae~- --asso.-
". 
.ciated with it GI · The slack for each · ope:ra,t.ion. can pe cJleulat.~d 
. . ·- .·,··- -.. --·.- . .- ----- .•. ... 
! . • . - - '. •• ·f.,. 
.from the PERT diagram, p·roeeeding fz:om. the termi~Et,l node backw~rds .,, . '"'" 
-
I ' • 
to ·the origin_o' .· 
'/ . 
/. 
' . . ' "~:.:.... .... " . ' . '.,. ---
. -~-------.. ··~-'\~' . 
,· .... 
It-- is , .• howev,er, unnecessary. tQ __ <:fev~lo:p· ···~· .p~~ ·n~twork. ·in. p:rd~r 
to mak~. sl.ack calculationsQ -.. · Th~ prec~·ding ~as· p:reEi,e1tted mer~iy ,to: .· 
' 
' ' 
.. ' . . . .. .. . 
· · iI.lustrate the · equivalence ·--9:f. the G~ntt ·ch~rt · and· th~- PERT ·;llletwoirk : .. . . ...... · .... ·. , , - J;;-.-~-. : 
. . · .• ·· ., •. " 
·: .. ·C· _' 
.•. , 
-.• • • • I • ' 
. 
. in the case of a flow shop" 
. \, ·-<°\. .. , ~- . 1 ·,;' 
The· slack . for · any . operatiop c_an be· . -._ _, 
. 
. :, . . 
... 
.. ' 
_: . ·.-:.-/ 
zero slack t<> the l~_st 'op~~ation. o~- ~~e .. ~a.:st, m~ch,~ne~~w - .r:i'om~',-t~~n~-.-. ' .. 
. . . . ' ' . ·~. . , / ,,: ' . ; ·, ~- : .... ,._ •, > :\ . .. -~.- ~-: .. ":.' 
. t'.. . 
r..---s:V ' 
. ' t-- -~. -
' --dJ~ 
:· -::·. 
; ~;1 ..... ' . 
__ ... 
,, .. -;- ··- ~ 




. ~· '._."' 
'.:,-·· 
·, . 
' ., i 
' ' 
... 
' . ,· L -- . 
•, 
C; ?i'e ... ~-· 
. ' ( ,;,.,,.,,.,;;,,:,;,:_ 
;, .• ·'·· .. ~ 
'.. <, .. 
















~t.. ' ,/ 




minimum of ,1 ... \ :. • 
- - ·-··· -- - -·-·· --- ·- ·••·· --··-




' ' i; 
-- .- ----- rt · 
the sum Ot the idle ti)!le rema1ini,ng befo:rE! the ;f.+l stop,:irfl'ii ·. \ 
tion starts .on the Jth m.El~h:i.he . plu~ · "tl)e sl~~k of ,the -
. ---· ----· __ _, --·-·- --- . ---·· -·- ..... . l 
···-· __ .,_.__ 
. ·~. --, -., - ·.·! ., . • . f · i+l. st i;>peration. Qn t,be jt4 maCbi:l'.lq 
,: .1 ,. 
and ,. . ' . 
. .. -:- . 
• 
2., ; the Wai fine; time Of operjit:ion i befO~f;! il.t ~ari stElrt (>Q 
' . . ' ' . ... . . .. . . . . ' 




. ,t . 
tJJ.e. j+l St Jllachine plus the sl,ick Qf tl\~ ;i. thop\8:r~'(:tc;»ll o;q 
.J 
. , .. '.i, ,, ~ ' . the j+l 8 t machineo 
~ ."' . I ~ • . • , •• ' I 
-~ •. ·1 
' ..,,., 
. . . .. 
. ·. :• 
.. 
.•r I " ' 
·Expressed mathematically .... · . ' 





' .:. ·· .. :.·, . . • . . J j . 
-; x· ·~ - ,-.· -. -· . ? • - ,_ - • • • • ·------··;.--· - •. - .• . • •• • ·1. .1.t··. 
'. ,' -: ' . . .,.· . . . ' - . .. . ' . ·.. . . ·. ·. . . ,.. 
-
- . - • - . - . . .. -. . .·. . . . ·-.-. - ,- .- - . . . . .. •.. !·.··I .. 
. . \'·. . . r>r. I
' ' -'-' C! • '' ·. ' ' "' ' ' : ' ; ' ' : ' ' "· ., ':,; ' ' ' ' ' ' ,· ' ·t"·:·.1;, ' . 1· J. . .,.. ,t;;;t1· +l· J-. · . -. : . · -. . .' · ·. ·. .· .- -•, . . . .. 
re· , . ., ·.' •. · .. , •,.·•. "·· .. ,. '" ; .. ·,,, . .> I 
.. ' " - ·. , . .·' ·. - ,-. ·:.; . . . /·1 
s. · - MIN (:> . l. ,J ~ ' 
. ~- .. 
w i , J + 1 + s,J. , ;j +1 . .. . . : , ... ·.. . . . . -· .· . . : , ;: -, ·. - << . f 1 
. . 
. where· '• . ' ,·. 
' ._:_·_,.. ... . . .. . . . ' . . . ~: _,- t\ 
I'. - •..... '._ .. ::·. . ·.f~:. 
. .. · .'. . _,,..,.., 
'. ~ef.4 
...
. ·.·.·'·\ . ···.·T.·_· -.be··.···.· ·'_' .. 
'. 
. .... · .. 
,, . . -Q.. . ' . · .. 
. Si ,j ·· = slack .of Operat:i.ol'l Lon machine j 
,. . ;.·. . . . . ' f, 
, . - ·:. ; .... ·. ;· ;·' --· .. ·' ,., . . .. _. .... ,t~ .. ·.·p ·-··· 
. i '.-~'. - '· ; ..•. , . "'.: : ... ,,' -.. :.·.· . -.~·'. • _. -., 
I· • - idle time following ope:rv~ti(>n l 9'1 rill;!.ch:ine .j . 1,J. 
. _· --- -- . · .. ·-~ ......... . 
'· ,·· ... :, -·- . . -~ ... .. . , .. 
Wi ,j "' length of time be1;ween completion o~ PP~Tat;ton ; on . . -. 
". 
' ' . ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' - ' ' : ;: ,; .... ,/(:,'"'"" ' ' " ' ' :. . . . ·.---· 
. · .. ' 
.·.,· •-: <, lt ·~-· . 
11 
1',J ' 








ml:lthema ti cal fobnµla is. much mo~e :Connidable i;hJn th@ ~1:1,J, <;u.. . : ' ~· ·. 
. • •. · . . . . ' , . . • ·. . .· . . ·. '.. 'u ' . . . : . ~- · ... : .. 
lat!9ns. t~emselves o ·' {,{,:,_' fl : . ·r.'1 ··· ... -.. 
.. ; !J .. ·····.· 
:• ti . ,-, ·-. ·- .:- . - " 
. c- -
· ... 1-r . 
. . 
·time- rn,,~trix 1:s 
' ., . .•· ....... , .... -,. . ---· .. . 
r' 
-.. [:.,:·.·· ... ··•······ . 
· .. _r_> '· . 
. [ · .. 
. . : ·. tr,, 
· 11 
rt 
. r/.-•• . )' . 
. . '{i<>;' 
·_.- rJ:.tr 
~.] 
· .. · unique .slack matrix. · ne'ferring agai,n to ll'igu:re 2a, the. bj,eratiOp '. , •.•.... • . 
. . .· . . . . '' .. ·. . ' . ' 
Every flow shcip solution· has as$ociatft«Lwtth Jt: a/ · - · · · 
f: 




. - ·:-:--:-=.~;;·.- .. ~-




- ,,.,. , 
- - . -
__ :·~~--,-.,,.~~-= . - ~-:---....~---,;---~ 
~~~-- _,_. ·- ----
--- -- - - - =---- ·- __ ,....._ 
~L______ 
. • . .,,._ ·-;-· : 
.... -· -· . 
rt.-·· · 
J'. ,, .··. ··. ' ' 11 
' ' ' , • / -' ' ' ' ' >-- - - ' : J1 " 
.. ·; ·. . ' . . . !Jt(, 
·. -
- . -.,. - .· 
~L.,~-;;;. _ 
" . z::w: ==-
. . ·J 
• 1<.l-;. . . '.. ~·-. :, • 
ee rn±W -- .. 
' ~ ·:- -ft. ' 
f~.···· 
.,:t._ . ij,! 
t=ii ·, 
• ·11 . 
-·r J 
. jl, 
r· ·. Qi. 
r- -
,, ( ) .. 
/b".· 28 
'') 
JOB NOo Ml M2 ·.M3 
I 2 5 
.. 
)'. ···---, 
. . .. 
2 1 1 
' .. 
3 ·7 
--·-·-----·- _______ .... ----- - ... - .... -- ----- ---· 
. --- - . ----. ···-·- ----
- _..___---------~---·----···a --·-·--·----· . ·- ;_::..·--·-.·--~·-· ~-- .... ------~---~-- ----------- .. -····---- - -- - ; . - - -- - - -·- -
. . 
-----· - - -·------ ---- ---- ··-··----------,·-·----------
-... _::_,., __ -__ -.---~~~t, t.9:r th~_ pa:r-t_icul-ar $Ql.ut_i_on ____ shown_,. (~ ,·a i2.) . · the_-a$,Q~~a:f;e<I _ ' . 
•. • f T .:. ' ' • 
If 
-... : .. 
11··· .. 
it- ·,; 
. ' . 
. -:.,·· ·, . 




. ·,,,: ...... -
. .. 
-· .... 
- - ·' . . . . . .- ·, . . . 
s1a·ck matrix is 
,-
. . ,, 
. . V .. ,,... .. 
JOB NO._ .·,_Ml · ·142_ ·. - -. 143 , -
.·· 
' ~ .-·· '· _· ' 
: I 
, .. ; 
- .. ' ..:....: . :J. 0 -~-·.···.· ... 2 .. 
-r. 
..... 
. . . . . '. ~ . . 
... ,·. - .- --·.: .. . . . ' :·. 
. ·. ' . 
-. _- _, ... •.. . 
,6 ... ·n··_ ... ----~ 
V· .·. - . -. '. , .. 
. 1 . 
·a 
O· 
_.:· .. ~. 
. - . -· ... ~ . . 




'. .. ; .. 
Just· 'its ·every PERT netwo;rk ~ai:$.·-··.a -~r.it.icai.··-pa.th·: ... SQ:,:·~-ver.Y .. fJ.o~ " .. · ~ ~· 
, 
. . '. ·. . . .... . .. -
. ~--
. ~ - . . . . Sh.Op· solution·_ ·(or ~an'tt. chart). h.AEf exa:ctly:. ·t~e · Sa~, C:ri.tj,.@ifl. p.a~h-... 
- . . - - - . ' 
. . ~ (' ' . -
. ' . . . 
. . . 
· a valu~ of - ze-ro -identif 1e~ an . 9peratiorf. on . the ---~cheitlij1e.c· cf·1·t3tc~;t · . __ -. · 
... 
. . . 
= _ :Path GI Any· incre.ase in \one of: these ¢ri tical -Qper.ai,ion·· t?tm~s. mus~,· · · 
I . 
·. • ~,c\1-, 'Of necessity 1 extelld 1;Jil;I .overall Jilal{espan bY a. COrfe1;1polldi;i_Qg 
·~.- ------+····--_ .... ---··- --·-··----,r-··· .. ·-··---t--'.------ -~--~.-. 
-:. 
.f... · · 
· · 
-· . ..:. ' 
. (J . . 
-'.. . . . . . · ... ·_;' -' . :if_·_ . . -.:,:;!"'. . . . . . . 
- ,,.,, 
,, ·, 
---~-- - r -·• ·amount-· 1· Similarly· .-
.. '- 0 . . ' -·. ' any _ increase i,n·. any ope.;rrAt-io~- _ttJile __ :wb.i~h :1s -----... -~ ' 
. . ::-_:. -. - . 
·, 
. ~ . 
i. ,. 
. ,{ . 
; ' . 
\ 
. .. . 
_.. ··-
. ' 
- . '. . 
.,..,,..1·· 
.. 
... ~ f \' 
: • ~ • !,.:· 
'''''ifi:.J:~cess· ofits slack matrix .. ·vaiµe··must .in,~r~_a·~e ··'tlie·_overa],l' 
. . 
. 
. .· . ,·v· - . 
. . ' . 
. . 
. " 
. makespari ·by. the. si,.7 amo~t. · · T.h~ · sJack · iqP,tri.~ piaya , i)l(')S~ V;i. ta],.·.·. 
role in our ·scnedU:ie analyses •. · /·· 




~. I . 
• I . 
• ''I 
~-a . 
. -:·\t\_,,, ... ,,·r, .. 
--.. 
····: ·, .. 
~ 
·' 
.· ~ "',,- .. 




. . ; . , . .. . - ~. . 
0 . 
' _.· • 0,, 
:_ .,,. 
.... 
~ ,, ' . 
··,r:·····.··· 
. .. 
~' - -- ~ 
. :•_ . Q' ··.: .·~.·"'_, o~-. . '.·: 
. -·. - -· u ... 





,c;~ •f'-... ' .-'. --·. .... - -- /:.._'.:'. ·: . -- . . . 
~-··· 
. ·. - :,. _; .• .. 
...... -. 
. ' , tt 
~ ~-·.- . , .. . . ' . 
. . . ·.. ; .. 
. '\ .. ~ 
,__ .... , .. --·· . 
.. · ... -- . - ~ . . -. ' . 
• · . J ~ 
_ ..... ,... ·:· .. .:.>, .. ,• . 
-·_·,., ,: ............... '', 
.. : .. 






id'. .. • 
29 
_,,..-· 
Ml I I I 2J l 3 I 
M2 J 1- 1 ] ~ 





... ~ .. 









l 1 t 
-, 
,, .... 
-~- . 1 2 ,., 
. ' . ...... ,·'t,.,_:._-:-.;,· 










~-"--'-'"--'-=~.c..'-...... ~.;c··~- .·.---~ .- . . --~--------- . . ' ... ~ --------~~~~-
1 
' 
. · •. r; .--
















- ------ ... 
~--1 





















" ~ . 
----..,...-·· .•· .. ·.- --
··' 
' . 














;!i.~·.'. .. r- j 
/ :1 
~- . ./""~-
~ - - ', 
·' 










i!' - ·. 
<i . . ·. L . 
. I 
I 
_:_ .... ·-· 
. ,. 
i.decrea&tng: 
. -.:.'" ··. ~- :· _ . .-.;. -:. _: ~-.~- -;.·"'. 
I 
1 
. : .. from· it.: .to· ·:1 
-j\' - ·-··-,:.·· 



















.. ~ . 
-. 
·-
~ .. : 
·_p. 
I . .. 
,' , .. 













---- . ---------·· 
. ( 
. '' . . ' 
. . ·,··. 
... · \ 
. )' 
. ; , ··~ . ~. -
. . , .. 
-. 
~-'" 
. {)' .. :)•" . . 
~ . . ,, 
" 
.. 







' a : 
. . 
,, 




.. . . ' 
.. 'v ·-.'. i. 
- . ..,.. 
• f" -· 
. -·-· ,. -_·:··· )!} . 
·...:.__ ·- .. 
. . . 
;J • 
' ...... 






. D~SIGN OF AN EXP~JBNTA~ ~CEnURE. 
_t 
. 'lo\~ l· 
· As· e :xplainecl · previous1 y ,· .tb.e. prim;iJry objective .of , this the.sis · . . 
. . /«i 
; 
.\ \ 
~' . ~s to investigate the "perm~enc~'-~·. of a 'J(no~ . optimal. s~q~ence ,· 
' 
. 1 
. ' .. . 
. . 
.. ---··· ·-· 
.. -- .....•. -- ··-- - ···- -·' 
such., ~ne ca~--~ormu~~!e the iny_e~t:lgation as _,a~:_expe:w-iment wlli>.~~-~·;_~-~i····'~'~:··-~:.~--':··,---~···· 
- - --~- ~ --- - -~ -~- - -
-__ .•. ·-···------·-
- -
--- -------- ----------~ ------------·--;:·'-. objective is to.test· a·-cer~cain-bYP~th~siso. ·I~. th~ar···c$se-' ~h~··~Yl)O~ . ' -~ . . 
. '. 
. . - ~ . ~ - ' 
- '. . - . . . . 
. ·, 
r ··' 
--· -- .. --·-- -




- .. ·,· 
_ ..... ' 
·thesis to be tested is . that ··13ome fact9:r_s. are .sign_if'-j,cant · as- tq ·. · ··i .. ~- '.· . 
.· : : . ' . .: . ': . > • : -: ; . - . . -· ·. . wnetner a gjven optim·a1 .~equ~n:c~ ·rema_i~s: opt~nial w:i;t~ .i11c.~easi~:g;.-..... · ·: . · ·.·· · ·.· . . . . -· . . ' . ' .. ~--. .. . . i 
'· 






. : . . •. 
- ., .• 
... 
-. ~ ,• 
. v 
. }_,, 
• a\ The . factors to be tea tied. al'~ L . 
' 
• ·· .. - • • 
. • • - .. . . : ' ; :~L T~e relative ma~itude oi the 0i,eration iipie-, (t.-g;., •,· s~~ri' ·' ,(i '• . ··· 1 • • • ' • • I ' • •• ' • • • • . • •• ' • • • , • •• •. • ''. • ~' •.• : • •. : ·_. • • • • ' ', ,'. :·::' • : •• • : • ; .·, :'.".· l Ope~atiOJlS versµs<:·lQng.operation~o,:. ·:. · · : '1 '· ·-\, - ·-, •. ·.,.' .. : 
··:'·. \ · :·: .• -~r . . 
·,. '. 
,. ... 
. .. , 
: '. , ·' . · . , 
· •. le 2 • .. The par.ticular mac~-tne, ~ ~.g ~ ~. 'the_ :'in.-t"tt~i rn'achir4ei_· ·,~:rS.lJ$·<:._.:-i .:·: ·.\ .. :··.-: .. ·. ·. ·>.1 1•, '. · · ·•.· -· • 
, • "·~·· 
·.-
·, <. ~. J: ;-~· .. : ..• • ..... ~ • •.•·· ;·.--t. . . .. . . ..•. ·. •, 
. . . . . \ •' : . . . . ,'· - - - ;. · .. · ' 
-- . ·~ ... :" 
·r, -
; ~ :: 
t;tie last· :machi:rie. 
. : • . 
. ,. .- ..... . ' 
• ',:"",· · •.. _.,., __ . . 'v 
....... , . ' . '. . . ... ' ·: .·····.· . . . . : . ' ..... ·,: . ' ... . . . . .. . ·' ' .4\' ' .•.. ":,:· · · here is whether. ,th,~ ,,e>per~ti·on.; 'll~s- ·on·· _tbe :S.t!h.e(Jµler ·::. ·,:: · -·· .. ··;. .. : · . : : .. - -., . - - . . . . . ' ' ., 
. 
. ·· .· . 
. . ' 
,, .. ,. ,, 
. :- .. ' 
..... - ' 




. . . 
. 
. . . 
·: ,' .. · .. , -:.---:·~~-~ -. 
. ~ 
. :· ..... ''. - . 
..-
·, /:' 
4. The position of ~<the .·j,0~ j.n th_e . optim~l-· ~equeilC8o· .. ·_ .... ,. ·_; . . . . . . . . ' . . ' ·. ,• 
•' , ,· 
,I 
·s •. 
.· ' . :,"I' ·--·- . 
.. ·: .. ' ·':"~- -









..: 1' • 
.• ·f ;. ' .. ·' -
' ' ' .,J,,.. 
. . -~ . 
.. -
~ --~ -
,.·,; :.-.-. -~- __ ,._ .. · - ---------·-
~"':".<. · ... ~ ,.--•~ 
. ; .. J.-.... .... • - , 
--, __ _ 
_;.;_ ... :..· ...... 
- .· . -
I 
- - - . . 
. . ' 
: .. ; .. , 
· .. ~· --. 
, .• . '· .. 




. . ··~ .. ' ... . . . 
,: ·:l . 
. " 
, .. 




- - ·---··-- --·-···--·-··· , ________ .. -:- ----'--'-~--:-----~ .... -~---:-:- ......... · -~-=·-~· --;_,·--~=--··,-,...., ______ --=/,.,,-' 
~_,._.,.._,.....,,.......,,.,..__~--~-~-.,,.,.._--.----c:,-.=-:.=-= "-: ~,-,s,.._ ·---~-·. ··.;.·~-~i..·~ •• ~:.. / --------------------~~.,,,,;;;.............,,;.~-.......... -----.;....;·' :..--_.____ __ 
I, . 
,, 





. -" I 
I -
32 
r . "'· . 
· th~ original vp.lue of an ele1J1.~nt of M· 
. 
. I 
. m· ij = a changed value· o:f · m~j 
S . :::: -slack matrix . ' -
' 
s1 .. 
. J - an, e:Jlement. of· s·. 
.. 
,,, ' ' 
···-··- ,-_ -- ;· --- - ~ 
. ' . ' -·.'." ._.. - ----- --· ·-- --~---- - ............. --··- ···:···"· ···: -. ·-·.····-~----










. ' ' 
.. ' 
, I 
. - . -
. . - . .' -· 
..... I .. ·• 
': •. I 
. •.-·-,: ·. 





-".--··- --.-~--·-- ~---·· .... -~---·· 
_ .. _ .... , .. ,.,_ .. , ·-"····--·--·--· 
: - __ - .............. ---,··==·-=c-•,•.eccc-"--:-cc-c-c. ,_, ... -- .. -·.. r l 
== :r~nge · of <;>per~tion -t.ime.s ti\ M i' ,, -. ' . ' ----··-r. •, . i 
. .. 
.•. 
. ·, "· 
-.. 
---- -- ----·-··-······· 
I __ , 
---, -.... --
. . ; 
. ,. 
- I · , .1 ., 
' .. 
. ' . 
_, • 
. Gt!/· 
- 1ow~r limit Of .. th~ ·;range of Opera't'ion· ·t.iJn~S:. 
,· . 
'l ... 
. ,._ .. 
._ : . ' 
. . . . ... 
. .. .... . 
. • } . 
. '\.::;;-;.::-;:?" 
. 
.. ,.•· . . ... ; . .. ·u ;: upper_ lf.Jnit·of- the·:·!an.g~ of 9pe.rat~qn ~ilD~EJ .... ··,·:.·-'.< .... ,.· < ',.':.:> • . • • . • . . • ' • . 
• 1· • . 
.. .· . :, • . •.. ·. . . . •· • ··. • 
' . 
: . . 
• "•, Q , . 
. 
. •. , ... :. . ~--~--•l··· 
. . . . ~ '. . . . 
, -· ·. ·· eq1.ia1.s .. the nWJDber · ot · m~cllines·o· ... Each 
. J .· .. tO ti,!ope~at:i.011 fime .~:f job. f Qn. m8Chii.e jo > '!,'Ji~ .Etlemept,E? 9f .M . / 
. . - . 
. 
. . 
. . . 
,.:- .... ·• ,-· . .. . . ~ 
•, ., ... 
• \-. . ' ··: ··' • • • · •• - • r· .• ~-- • •• • • l' 





. .. . -· . .. 
- ... , i_j' 
.· .. ~ 
.. " M : ' . 
. f ·. A given inpi.tt m~t:ri.x, M;-Q;f ~peratiOJl tf.m~s:- i~ specif;t;e"~. · ·: .. · :,.<: •·· ... · ...· .~· . - . . .· . . . -. .. . . : . . . . ' , ·; : . . . . .. . : ·. . . . . . . ' . : ,., . . : .. _.  .: .. . . . . f 1 Th~ dime11s~~n s of JM ar~ n· x m wllere n b: th~ n\!ID~r;: ~:f. _ r";'s· ~~d:;. : '": : . . . l 
. · . is eq.ual to tJhe l)U!JD~r of Jobs and 111 ~$ t1i, J!lUlll~.r .of .~}~$: an.a /' -.. : .... · .. ·.•. j 
- . • 
. . .• , . ' 
• • . • . J. 
~lament of M • lllij ,,' c();rf''iilP~mJ-'. '. · · · I 
k 
. .. ,' 
.:· l, 
•' • •' I 
. . 
.. 
t • ·• ..••• -,. 
.·' :_,: .. 
~ . . .. 
-~ g - . 
-
. . . : 
. . 
. ::: minimum· makesp~n _ ·.4 
. ,, 
,· :· : . 
·' . : 
. - . ' . ,: .• .. 
,', .... 
. -. . '' - ·. •. . -. 
' 
-
. • . . - ,. . 
:--::.:.·.Jl have a ce:rtain :range ·Of 'c_,valtjes .. with.· a lQwe:r -_l.fmit t}, .1; ;ana ·an>µpp~r .: .· :-··: · .... 
.. .. ···>··,' : : , . 
. . . 
~') 
- ... __ ...,. ____ ~ ·~~ --- - - -- ~- --






- ' ' . ,. 
- ~ 
• • 














. . . . .. ' .' .:· 
. 
· .. - . 
.. '--<~.A·-
···. . . U,· 
; ~., '_ . .; . , 
. 
. ~. 
. · . 
. , 
. ··.. '<·~ ·-~ : 
.... 
• , . • · 1,. ~'.\;{ .·,"\,:;·· ;,tA . 
·---r·-.·· .. 
. -' ~ 




_. ·• 0 : .... o 
. 
.), ... 
-- -. . . .. . ' 
' .. 
__ ... - •· 
,--- . . • • J. .. 
-.. ,.-- ·~ . · .. - ' 
- .. 
~ 




···-··· ----·-·-. ..:.·! 
- -.- -- -· •,.. - ;· -:--------
,. ,,._..-
. ' 
- l . 
' '\._.,.... 














' lq the optim~l seq~ence does not. change lor a previou~ly 
; specj.f.ied nwn~r Qf · increments 9 k, or 
2o · ·the optimal ~equ,ep.ce· chapges for ·a p~rticul~:r valµe·· _of',.· 
I .the variable _parameter',. pl ij 0 . ' 
'' . 
' ; . 
. 
•,· 
I;f condi ti~ (2) occur.s ,· VJe c.:a.:µ $~Y th~t :the opti;m~JJ. .·~~qq~nc,e '.' - •'; , _ ... - . >· .. '',. . --- - - " -- . ~ - -·. -
- n . . . . . 






·, • .. 
..... 
' J • :,- ' ' •• : • ··: ~ 1 • 
--,_ ·'-/' 
.. 
.. ..... . 
. 
. that the Qpti_ma1. se·quence· i'$ " '. . . " . . . . '. - : . ·.. ' . . . v, ' . . p·erma'1ent or that ··t.ne~Ei'. i·s _ .·.·1110 · · · ' I .• ' L • • . .. ' . : .. : '·: .. -: ·- ..... 
, ' 




. to say that a pa:rtj.ctilar opera~j.o:q. ·1s sen~iti:v~ qr. no~ ~ensitiver.·.: ~ - . . . ... . - . . 
.. ~ -· ----~-- · ...... ,:·~;.; .-. ___ -'~,,~--- ,-. --_ -·-· ... ,.- ' 
.. _: ·. . • . . ·r·:, ·. : . 
•. • • I 
over a -:range of ···valqes~. ·Thi~ -pro~~dure· :cE;lp. be ·appiie~- t·p .a1·1 .. · .- ·. <,· -~·:·· .. ~:_·_·_ .. : · __ : _.-_· . . ·. _, · . . . . . - ' , ' 
- " . -·. ' ' 
. . .. , ; . '.:". . . . ·.' . 
_. .. '. ... · · .. -:. ' : . :· ·. ~lements of the input -ma~ri~-, ··o~~ ~t .a t~m~ ~ 1 I·lfi $0 c.iQ,irng ~v,~ .. -c.an· ·. . -':./ .. · .. -: .:;:{ . _ . ~ '". ' • I I ' . •. 
• 
~ • • . •" ·.• 
' (. 
. . •,. . :· ' ' . . .'. 
• ' . '> • 
• • ••• ··:, • 
....; • ' • ,. • 
•• 
' ' .. 
<?OUD-t the- num~e:r Qf :sw~tcp.e~ 811.d. DOl1~$W_t·.t~bEt~ ~_and·- ;f.~e!l.·'.~~t~r-tp~_-: .· :·~:··.-~·-·: .. :··:_: :; ·:· .:·.·i·.·i.' .· . ' - . -~---. : .. ·; .... - y . ·,· .. >. ' .. ·-·.: .: ·> .. ·./_···· ... · .. , .. :: .. <_'.'.~;: .. ~-· '\ :-·_: ·:;,. how many .operations ,-_.~he· _optiJn,,l Slf)Qµe~q,-·. ts· SHf~ns~t-iv,-. tC9•, 'PY .· .. · -
' . . . . \ : . ~ 
repeating. this ~~Q\Cedu~-~ _for. man.y: !nput DlA-t-r:i,~~s.~ :;1:i .·;$Ul9ql~-- ·-~ ·:<::· :-·· _:,· -~,:··r,· .. :· ... _ .. 
. ' 
. . . . . ·.' 
pospible to· d$t~rllllll~ it there .. is E.iDY· c~t~el;:i'°~_ion l)~tweeµ:·a*y :af-· .: .-. . . ' 
, ' 









__ ..., ....... _~---_,_.---,_..----, n_ 
-=-'~-os·"--• ·· -'-' ~--=~==--=·c«'-y:, -~~---~---=-'cc.=:nc-·'"'=---=~--· ~·---~---~--~----- ~-------- __ _ . . 
3_4 
' , ('. 
) 
-· IX . USEFW-,NESS QF THE ~4ArC~ MATRltX . ' .. 
The incrementat ;I.on of an opera t~on -t i.Ql~ ~Y. , __ ;~ne slJlq'1i~- ~Qt· ·. ,_ 
begi.n--tmmediately--- at the~·v·alu'.A _nf .m .· · + l;, ---- . 
. . 1,:"r,, .. ·i'r 1J As. pr.evi Of usi y ~xpJ. ~:l.ned ·, _-
, I 
every optimal sequence. im.p_lies -a un.iqU.e qant.t .ell.art vviiich· p·rodl).lces _ 
. ---
-· ··----· ·-· -·- -- ;-- ;· - ---· . - ·- - . 
. -..-:-·: 
.. 
-- ___ .. __: ___ -
- ·-·------~- --· - --- ---- -----
























...... ~--:_ ._ . ' . 
,.~ 
. -·---··-- .. -· · .. - --·· --··-·-·--·-.·----·· ____ .. ______ . ___ -- .:·-





'. --:··· -· -'.. _--- - .. --~--- ---· .. ~:··. ---·······:.......::... _____ _ 
'_:'incrementear=•-by a .'value of at ~.eaat -the,-·-val-U,tt ()~ --it~ c~~r~r:;ponct":tn~ • -·'·,·F,:, ',,_: - ' . - . 
-
. 
~ '. - . -. ""' 
- Ii-' 
el·ement in - the s1ack mat;rix,· S:j.j, w-=il-th~ut __ Q~~l1~=!-~g eith~r- _tllf3_ · 
•, • / I 
. ' 





' • • r, I 
- ·-. .,. .... 
_ • .s. 
••.• 
. . . 
' : .: . · .. ··;. . 
. . r~' 
- - . 
, 
. ?·.. . 
..... --
. ' ' 
:·.·. •• 
- I.,·' .•" 
- g ... 
- ··-o' .. ·. 
-.··. "IC· 
. il 
.. ·.. .... 
_-_xj_. 
. . . 
:., ,., '' .,_, •,j 
· • ,,,' - · •. _•7'; . · 1:': · 
.: ':. ·:,·:,·· ''. ·: ., ;. ·: ' 
' .. 




. . . . . 
. . 
. • . - . . . - ' ' - . ' . ' . . ' . . -, . . ! optimal makespan or the optim~l--_ sequ~nceo · ·-_ -cQnsequ,11tiy ~the·· ~ncre~. :,.; :;_-- -_- -_ . -_ -~--~ L 
- -- -·, --·' _· - ~ -· ~- _;~~-. : ----~-: ,--- .-- ;" __ :··-' --.--. -_--. -.···· -, ,-1----- ---~-- .. --ine:0:tation sb,ouJd begin at :the v1:1lµe DltJ :Ir Sij +_ l.~d (:C)nt:i;~u~ , .. : :· · · 1 ,:? 
. ·'.' .• ,., . unti\ there is either .a Sw;i.i;ch o:r the _value mij + sij .· + k has been_.·· ... •·· · .. :: .. 
. 
. . ... 
' 
' ....... 
: .· .. 
. ' j 
' ··- ~ . 
even begin wi. thout the computation pf- ·t~~- :stack. mEfitri.?Cc, : ·_.·., --. •.... ·. 






. . ~. _... . . . · ..... 
' _,__ ,. 
I . 
. 
..... 7 . ··7· .. --. .. 
,,_ 8.-
' 
. ----· ...•.... -
..• ' =(' _- : -
. /·_-
-3 
·4 4. ·-· . . 
_, 
--· 2 ·;, 
. . ··_. ' - . -· ___ :. :.: .... _,- ., ..... ,, .• ,,,c,v,,,,.,-, 
.: · ... ,., .·· .. 
-\ . .,,-.·.,, .. , . . 
. . - 4 ,-9 ·. 
'' .· .... 
:- . . 4: . 
.·'.- .•. ·1. 
' . 
·. "":·' : 
-. ~ ,- The op-t;imal se_q\uhice is (~:,~,l-14) ~witn-,~l~9·k ma.t:pi:~- -. 
• •·• 
•', • ~r 1(-,,.t. . . • •, '\ , . 
7 
h \\. . 
..• , '> 
' ' . . . ' ' 
' ' . • ' " ' ' . ' •. i. ' . • ~ :• ' ' ' 
1·. 
1· '.- . 
'll··:· 
1 - --
.-:\ :_ .. __ . ·-; 






·. 0 - -· .• -
d ·. • 
" ..•. 





- ' .-' 
-. ~ ,-. •' 
_o. 
.0.-.. _ .. 
·-- .... 
-_ ·.f 
. ' ... 
--~ ·. 
0 - ;.,._.t., ' . -- -
- - -__ . i . ' 
,--
•'' ,, n ,. -
..... "; ··: 




. ~\ ·. 
, • I 
l ... ~ • ' .· 
·. .  
. - . 
. ..,_. ·:.4 ."· .. . . . : 
t.,.· ' .. 
' ·. ··-~. It' • - .. -..- .. ~..,. 
.-~. -- ;· ... 
. - . · .. 
. a.•.- .. ;_. 
• _ ... j • ~ ~ - ' • . • :, ... 
.... · 
.--. . -- -
.. 
.- -









! ______ .,_, -. "--·-·:--·--~. • 
.. ' ... ' 
.,. __ .. ; i'---· ___ .. _: __ :_ ' 
- .. ,.J_ 





. ·, . 
. : ... · .. _.... . . . ' 
....... _ 
' I 
... ' . ~. ... ~ . 
... . 
~ 
.. .- ~ 
.. :,-
. '. • ·a·.".• 
.. 
-, 
· ...... . 
. •,: ~. 
: 0 .. . 
- ,ri 
- .. 
' . . ..;,,, . 
. . . .. . ~' ... · 




'.• - - ·, . 
: . ~ - .1~ ~·'.l~yf/ :- : . 




" . . 
t '' 
The optimal makesp~n ts -38. Th;i.s meap.s tlhfli wi 1;h:ln th:lf · p~:rtfc~ll,\i' 
• I ' • ~ ' 
S()he~ul,e, · the in~rem~l'ltatioµ of .job 1 an -m~chine -.~ 111usi. begill at·· 
• • • : • ·, • <\ • • ' 
m11 + ~ll + :1 or 2 +. 7 + l ·;;: 10. ThE1 ine:rement~ti<,>n of' .J~b ~ o~ .·. · 
..,,,.'-1 
· must -st i 11 QEl '. ()I> i; .f lllaJ_. " _J!P11s :I. \ier ·· i~~ .. • p:r_e ced :i,~g : ~X~ll1p,te ;," - I:f ··-··• 
----·-----·----- - -------·-,----------------------· - - .- '" . ·..# . - r-~--~,-:--· ,_ 
p -
-- ... 
. ,-.··: ,•,; 
-.·•·''· 
-, 
-. '· ... _ .. -· ,,, ---~- ---~----:-··: ,,•. -' ... ._,;.. .' .'" - :·· :~.''..-.. 
. 
. ~--. ... ,' 
j •• - .. 
. I • • • -•. 
. ~ _.,, .. 
... 
. ........ -- .. 
0 • 
-·. ___ ·,. ·. 
. . .·- . 
' 
.··"','i,'""' . ·.· ·.tt i 
. - -
·:,.· :~·,.. . - ·~. 
. .· -:,.._.,.,.,. . 
- ------.-. -.. - -. ' - .. 
.:·. • , .. .fJ.. 
,· . -'"le' 
~ 
· ..• ;· ,. 
:-· ··-
. , ' ·~ 
.. ·- - : . . -. 
. .. 'i~ .: . . .. . : ... 
. '_ .. '.: .. 
... •' .... 
-.. . . . .. 
-. ·- ... :.,::-:. _: - .,1( .- - :• .. ·-
._. •_:· I ,. 
,(\...- . 
. ~ ·. . . . .. ·- . : ... 
,._ .' -
. ·41, . . . - . -
. ·; 
. ' . .- " 
·;,• . 
. ,/• ·. 
' -
. -.. 
- :!', . • - ~ 
. . ·"' 
· .. , :_.. ..... . 
'. '·,-·- . 
,w--, r -ea 
- . . 
. . 
. . . . 
. . . 
. -~ 
. \ .' ,;·,· . 
.;- ,:1 ' 
. . . . . 
.. _.. - ':· .. 
:;------.-·. 
. .. . ,. - -. ·. . :-.: ·~-
'_-:_ ~-
-~ ~ , . 
. , 
,. :. 
... _ ... 
. '-' 
'. . . . ··, 
·~· ·: •. ·'. . ·• .. r~._ 
---·~.-~-
. ~ . - . -
' ... ,_ . . -
.. . .. 
. ,· . 
; . .... 1 
,··-· .. :. ._.,_ 
~ . :,) 
,· .. · 
...... 
- " 
' · .. -.:-. 
.· . ,, ·, . ' 
-··· ,· 
.--_----!._, - -
__ _;, . . •, ___ : ; . 
--
..... ""';;==.. • 
. .- - .... 
- - ________ _," '1 
o• -: 
~~~ ···-- ""<"-·--~·--··----~-·-· 
~-------... ----·· .. ""'"- ... -.. - ..... . ·-
·--=· 
'. 
.. ·. ¢• 




.r .. ' 
X q ALT,RNATE OPTDV!OM SEQU~CES. 
\) 
The analysis as putli~ed in thf;! prev:j.9qs parag;rftphs ii, v~l if 
.only if the optimal Sequence is unique, . Le. , there ~-~:j.1;1t~ Qnly . ' 




m9re than one optimal SfJquence cQmp:U.cates the ~ll.al:ysi,, 
• • • f 
... 
Consider · . 
... 
' . -·· 






' . ~. 
·' 
_, - __ ,.. __________ .~ ---·---·-· :!--- -~~~---·--- ..... -·-·-·--~-.-s-·· ·----·-·-
., ? ' 
.. 1 .. 
,. 
·-····-·-·-··· -----···~·-~-----·-~----·· ..... ·- -,·-·· .. -- --- ···-·· .... ' -- - -· '. - .. - ..... 
. ' .. 
'. ! 
,;• ·,. :. 
' 0. 
,. 




· ·_with optimal- s·equence (2 ,I,~ ,_4) 
. .... . 
.. -o · .. ·2 
·2:: . ' . ; . 
.. '. 
. , 
;· . . · .. , 
,, 




tr '. l ... 
' . . 
I • • 
' 
. . ,· ·" 
. . ... . . .. 
·-----~·~. :., 
"' I • "' • •- • 
. : 
~ 
, ·g of ~I, and ·s .·7. · - .,... -:: . ·•.· ...... . ...... . ; I . ~ .. · ,, '.• - . . .. 
. \ . 
'.-· .. ' ·'. ·. 
·' . '.) ,,, .•.. ·_. : .. ". . ._'. .. ~ .. ,_ '·,· . . . ·. ·. .. ... ·.·:.. . . . ·.',· . 
4,1 ~ . .,· :-:: . ',• ~ 
. ' . . . . : . . . . : . . . . .· . .. : . . ·' '. . . . -'. .. · . - . ; · 1; 
: · .. 2 ··: .. ' .. ·6· •. .· ·,' :·.: .· ·. ' .. · - . .. ·. . ... 
• '• f: " • • ' .,. . •, ' ' - • • • - ' • I 
0 
3. 





>o· .. - -~ .. 
• . . •· .. .t . __ . 
... ·,_-. .. : ·,, 
. :·· . . .· : .. · ·, r; ~ . ., . 
. · .. - . .. .··.·"- .. _ . _::_ ,· ·. _,_., ·.-~.J'"<,.-· . 
•. ... . ~- . 
·. _ .. ~ 
...... 
.-r · . 
. · . 
... 
Consider element m22 : ~f Dl22 = · 1 ·:"' ·:,2 ;;:. 3,. tile 0Jji1111~i Dlat<~..: . i< .... 
span tif 4;1 will St}ll be reta~nep, Lf m22 ;;:, i / ~,:;i Pi:tti11tal fna~e..;, 
• . •• ·•'v,., • • I . I,. 
i ... 
~. 
·,\ . ,. 
spa;n obtained 0:is. ~till 4l. · The re11!'lop is- t;hl\t tJ1ere exists·: ~cit~~l" ·- ... 
•, . . . . i' . . • • . - ~ . 
:. - .. 
- . 
-_•---. optimal sequence. whtph yielc;ls ·i - · 41. 
Thls s~q.1.J~:Qce is (1. '--~ ,3:i4J 
; : J, 
.... · .. 0 
. - ·l·· ... .. ' 
. . ,:, . 
. o . I .. 
·'.··.· ... 
0 o··_ 
"· ,, . .. 
t. . 
.. Q' 
. --c--· .,- -~; :_ 








-, - I -- - - - - --=--=- - -- - -~ 
Tc.___. ----
--- ~- . --~--.-
• T . - .... ; ,-··-- ··--• Li 
. ' .. Ji· 
' ' . . 
~- :·· .... . 
- · .. -:.-;-··'--~-.· 






. - : ~ 
j Q .. : .. , . 
"·· 
' -,~ - -
·':· 
t,' .• .;_; 
i 





. • ' • '~ .(J -
'~ •, . 
--
·"\ ·, '' 
.a'• .• " •.• 
.• 
,, 
·'. \ .·. ·. : • .. ' ... 
' .. 
. : . ~ ... _- -: . 
..... '" t1."°,:-0~--
-.. . .· ' ? 
.. 
•. ..: • ~ C 
/ .. 
i'i'"~ 






















. . ··l 
., 
··~ 
. . . {' ; 
'• 
•. , •• .J. _,,_.-, 
.. /· ...... ,' 
-··. 
~-- -· --- -- -- -------
: I 
-----.------·- ,- -··-·--···---~-< ..... · . ---~·· -··-.~········---·"'·-· .. 
# '·· 





·.- .• ~ 1, '·, 
,, 






. : -- ____ .... __ .. 
'~- ········-
·-·:1-~' 
~ : .. :~.;: 
.. _. 






. () . 
. . ,;. 




• ' , • equal to mij + max s·ij · + 1. In or4~r to ~o t~tts, o~e,,.mus t be~ av,are 
.of. all optimal sequences apd r~spectiv~ ~lac;1:< m~_tr~ces fo~ the 
~-




'be computed . ~nd' 11.sed .~s the start_ing point ~n· tile search fqr· o~erap;, 
-




- - •- S-----.-- .. 
. :, . . . ~ . 
. yields one optimal· - solu. tion. and' w~ tll· ~. sl't~ltt. mpd;i.f j.ca~:ion' wtl l . ' . 
. . -- ~-. ... . .. ' ·- ·- -,·--·-·.:.::.. !.; .: ----- --· - .. - --- ,···- ... 
. ·' 
._· -,, ' ' .• 
. " yield all optimal solutions {Qr.~ givep i_.pptjt mt1tri?(~ . The moai~--·- ... . ~ . . ' . 
~':.-------···. - -
. 














. . \ '~ 
·. . .. ' . 
. . ·,.. . 
. ~~rl:ier, wt· can llQW -~~ncJLude than an opt.;i.JJJ~i. iQl~j!ton ts st:ill·. i -
• • !;,:i_ 
.._ . . 
. - . I . 
. 
. . . 
. . . . . ... opti~al wl}en m ij ~ · mij. * max sij + l_ and that tJie. g· ob~·a,i}f.8.!94 .. ; .. -·· :_< · 
. . -:., ' . 
. using this va1ue 0f' m\ja equa].s 1f+ i.' ·if the inc;:r~ment, is by 
I/" . 
-i,; 
, ._ ... · 
more than one )) .. anot.:b~r .. ~equence may .. become opt.:tmal·o· . E~p_res·stpg .. · : . . ' ' --i.. • ......... _. ' . .--1 
. . , ....•• -..... , ·'-. • 
I equals .go ''If m 'ij···= .... Jff•. 
. . . . : lJ 
. 
" . 
. ·· . . .. . ~ ./ 
. 
. 
.. . ' is. Stil,l go· · ;£:f·· ID ~j . ~ mfj_. .. + ma~ .'S:i_;i"' +_ ~,·the· m~~.i~Wil m~keij·p~IJ .. ·. -
. 
,/,. 
.. . ' 
. !)a come$ . g · +•:}~ " . It Jll "~j· = m1. J' -+ _·max .$ .- ._· + · 2 , and .. th~ .-Jlll~nimuni. . ' . ,c, •• . .II,; . . . 
. ' . 
· l.J 
~-
T .-· '• ,._ ~- ·~ ';• 
. •, 
., .. L \ ', 
. . .. ..;. 
. .=.,; : •. ': 
·- ·--·, 
. ,,,.. 
·,~ . ~- .• 
......... 




. ' ' .' i I ~ ' ! ', • ''._' 
-·. • I 
.· ..... 
. -·::·--· .. _., ... :~·:···.··.---·:----·~-,-•, ... ,.,;_, ".: .· 
i' :_' ' . . -• . - . ~ . 
.. , ' 
J-,.,,.,1, .. LHt;.(.1>-' 
.· . :iZ-:l-!,:...,._ ... ~
------ ~~---:-' _.-.• --- - -_ ; ·,·,--.·-··------ -:-·····•c·.....::: ... ____ :- ,-·-·--· - ~--- -_!._.:,_--~---=-~==-==· --.~ =.-.-~ .. ,..,.,; __ -._-__ ._. ::,.-_,, -- ···.--- -~.~~-_-__ ; . ..:__ ___ .. ,_ ----· llilliilii-ii-llill-41111 llilillliliiililllllllli.--,liiii-:~iiiil~All!!!!!i . ..,· "........lsiii=o· ~~~ .......... ~~~~~~~ 
.. ~ 











. .,...., ... 
..... ~ ... ~~.-,~ 
. •.. .. --· ........ _ .. ··-·· ·1,. --
. ,. 




makespa;n becomes g + 2 , then one of ,;the Qf ig:lnax= optima.! sequenc~s 
must still be optimal o In gene;rFll , if I. m .:tj "'----·· m1J. + ma" . s ~- . .. ~J 
and the minimwn makespan equals g + k, t:t:>,~n one of .the ·c;,r-:iginal 
. F' .~ 
optimal sequences is still opti~a~ o 
makespan ·is g +. l, 
then the optimal sequence can be sajq . t<;> swi tc_h ~o ~r. s~q;u.ence 
' I. 
This is the general methpd used in this :the~is t~.-4.j,scov~~ .. 
' . I' ' 
the existence .o·r 
' . ' . ' nonexi $.tence 
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XI. SLACK MATRICES 
.) -
By examining the slack matrices one can gain some insight 
"-- t"\!} ··- ... into v1hat the schedule '~"ooks like" ,vi'thout actually looking a't~,.a 
''.\ . Gantt chart o Some of t.he · ~ique con:figurations which may arise 





·\ :·: . 
.J\ ,: ' 
If the first job in the optimal sequence has a.slack .. of zero 
,. 
-on the · last machine, then the row corresponding to the first job 
... 
. .... , .. 
· and the last column (correspo~ding to the last ·machine) all have " 
zero elements~ In .the schedule this means that -the. last ma·chine 
·has no slack or idle time and· that the . first job is '' .. perpend1~ 
·ciilarly stacked" in the optiifal schedule., Thus 
:, 
XX X.X 0 
XX XX 0 
ooo·oo 
X-... XXXO 
XX XX 0 
. . 
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. and vice versa. 
If. there is a column of zeros in columri i of slack·mat;:rix, 
then there is no slack or idle time on the machine corresponding 
to that row. In·. ad~i tion_, the· 1ast ·_job in the sequence i~ 99_pe:ir-
,pend~cularly- stacke-d" from machine · i to the. last· ~achi~~. 
Thus 
, X X O ·X X 
XX OX -X 
X .X OX X-
.X XO XX 
X ·XO Xi 
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. SLACI\ T.IME AND .. IDLE 'f IMF; 





There is l~ittle- co:irre,.sp,pndence between the amount of tdle 
.• I 
.,- -_,: ~ ' 
., .. --.: 
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~ 
ftime and the amount of ·slaclt tim.e:·1n a, schedulee For example. 'cqn-, 
. t_f 
(;,-~ 
sider th~ · following 5 · x . 5 i:nput ·matrix 
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C \- ',-\ ,~-Thi S' particul.ar: _pr9blein has·, :f~ve. ··optimal ·sequerices·- whi_cn· ··yiei;a .·~ 
I. 
·Jn_akespan equal · to 50 o 
·:-· 
(3 ,2 ,4,..1 ,5) -v1ith .. slack matrix .. -• 
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of minimizing the· makespan. AcG9rdin~ -to Lomnicki· , this .is -:-the 
'1!' ~am~ a·s min:l~izing the idl~ timeo . Yet,· as we have jus,:t seen D t.w,o · 
different optima~ .. sequen<?~s have different amounts ·_Qf -idi~· t.ime. ·. \ . 
. ' 
. 
. The explanation to this ·appa-rent anomal,.y· lies in tQ~ d~fin;l.tion / 
of idle time .. fhe Bran.ch ~_arid ~oun? algorit~, or for .that .matt~r, ·:, · · 
. ,-any algori thin which produces a min~mwn JJlflkespan . segueri~e,. min:imiies 
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XII', CRITERION FOR ALTERNATE OPTIMAL SEQUENCE EVALUATION 
The di:(f erence in the amount of total slack between these t,vo 
alternate opt ima1 ·schedules leads immediately to another cri terio:q 
for evaluating a scltedule o As shown by the two slack matrices, the 
first sequence has a total of ··13 slack units versus 41 for· the 
second. Si.nee both yield a mflkespan of 50, which ~~-?U!~-~ __ sc_he<!µl'e~ ·, ~~"'-~-~~~.-~ ... .:~-. -. ----.. ---.. --.. ~-- --·--- ---·-· ------------ ------~----- ------ -------- -----
. ' : 
i,:··. 
. ;.~-
. ' . 
.., 
s·eJ.ect if given the opportunity? Obviously the secon.d, since. tt 
-
provides a much greater protection again.st variation in the qqasi 
~?'· rl deterministic operation times•'"? Further'" note that in the fiJ?st 
.Y $equence, the· total slack i~ .~istributed.<')v~r only s~n of the 25 
~ 
. I 
operat:ions whi1e the 41 units of s!ack :t.n· the second sequence. are ( 
distributed over 16 different operations.. The supe;rio~tty 0£ th~· /'-_) . 
second · ·sequence is evident. 
.· ... 
' .· 
~· Another. way of looking a.t.·the two ~eque:nc·~s (and resulting 
· schedul.es) · is to ·realize· that every zero in the S1acJ{ matrix 
represents. an oper_~tion on t;he..critical patho '.-·\,· \, 
• 
, 
. In . our. examples , 
·: sequence one has 18 operations on the- critical path (or paths) and .. ,.,'°"!), . 
sequence two, only 9. It is in. general, .desirable to minimize :,the .. fl".:~:-_;..- ••• ,~ .. 
, j 
• j;~\ · number of critical paths. and we are led to .... th~ .. same,~·~onclU}._sion. 
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XIII. ANALYSIS OF RESULTS 
J 
A total of 550 · matrict1s, M , comprising 11 - groups of 50 each,· 
were tested o Th.e·-matriCfJS · w~:re gen.e:rat~q ·in sets of ~e~ wj_ tll a 
(I 
. unique ra~d!om number -u seed. , " $0 .. tha t eaclt group . of. 50 CO!lS.i.sts_ of · .. 
five sets o=,f' ten each o ThLe li groups tes_ted ar~ 'a-s fo_~lows; 
.. (xroup 
Size of 
. . ~ ' . 
Matr:fL:x (NxiM) .. · Dist~ibution· . , ··, · P~rameters~ 
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Effe~t of Relative Magnitude of ·Oper~tion 'fime 
,; 
. 
I ficant in deterniin_ing whether ·an .operation switcµ.es Qr notq. .. 
. i: 
i! t I 
Null Hypothesis:· . The rel~ti~e ~Flgn_i tu(le of m1j. is_ not· .. ~ig.Alir 
Cons~der the resu~ ts obtained _from G:roqp 1 1 'J!he . total nllmber 
·· of swit~hes observed was·. 6180 Tpe range -of ·op.e.:ri.tion ·.ttmes, 9 9 v1a~ _ ,. 
divided ;into 3 ciasse~, (a) shoi't ()pe:r~tio~s <i ,2 ,3) ; · fl>) l!l~d~µm ·· . ·• l 
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· The effect of the m~gni tud~ · o:f _operat~pn · t.:J.me is . mosf · prp-
nounced on smaller input ·mat;ric'f=}s · ~n.d tends tp "damp· ··qut" a~ the . . . 
. 
. , 
' ' ' 
. ,' . 
size of the matrix ip increased. · Qnly · 5$>_ Qf the ·10:q.g Qpe_rat~on~ .. 
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1604% .. in Group 2 (4 --~ 4) and 24,-i% in _Group i (& ·_x· 5) ~ -. T_ll~s -~i~~t: , ' 
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· tend to in~icate the ef:fect · diminishe$ when· ~he input Dl~trtx· _ j.~ ·.--· : . _ : 
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anY effect whatsoever· on. w!letb(!:r- fUl pperat!()11 switc~e~ ox• 11qt ~ :£1_1 ··· .. · ... • .. ·.·_ · .. , 
every group tested, t-ne ltkEi1.ih~od -of ~ switc,h ,app~red to be eqµai, · · j 
.. '~ '. ·. 
. } • ' : , _____ ____..... • I 
. I .'· 
• 
, . 
·. ·. for -t·he- {irst machine,· ·.t~~.·- \ast m,a~~~i1e _ atld ·ail -. i1:1termedi'at@ 'm~·c~in~,, · ·_. · _ 
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""' . more. careful moriftor:j.:ng of cri 1;ical. pijth operat!?D:"~o · ·. . ' ~.J,-J· 
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_alternate opt-imal soJ_ut"i9PS, i ._e., __ a.,.job-c~n-_be,' fifst·fn. QJfl~ ·--optima!J. .· __ ·: · - ... -) . . 
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(2) the same jobs were first (oi iast). i~. all op,illlal s·olutio~so · 
. 
' 
In the 25 initial· job~ t~e:re we:re 77 awi.t~h~s and. in the 25 ter-
minal_- jobs there were·. 68 .. · .. Thes~ :res~l tij a~e .typi~~l a~d .we must .. 
' • .. r~ject the signjf ican_ce of position tn s~~rueqce 4? ' .. 
Effect .of "Shape!' of M .. 
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Effect of Distribution 
Two 5 x 5 gro1,1ps (10 and 11) ,ve:re test~d .in .wbich ?P~·:rat·ion · 
, . 
times were drawn from a ~µasj~no!1IJal (iistrib'1ttiQ~- ,in \Vhich the·. m~an .. 
. . . . . . . . .. ' ~ ' ' 
,;)I, 
is ten and all entries were trunca:~ed, to i~tegar .. values:~ Note that 
as the distribution approache~. t~e µnifo~m· (g~QlJP · 1~ _, ~apj~n,ce =- 4), . 
. the percentage of switche~ is. approx!~ tely:· ~hflt ·Q'f -~Gr9qps 1 ·. anci··. Bo 
0 ~ • l f • • • • ·, • • • • 
.· ' . ' 
. ~ 
centage of' switches _decreas·es_o, :. lJl!e. have': .. \.·. 
'•'1··· 
.... ,,.,:' . 
~-': r • 1 • ! '•.r• ,_\.,- --
Group 
1 
.. · ·g 
' ' ' 
.. ·.· .-, 
' ·: . . . 




' . ·. . . 




' : " .. ' 
... ·-~ ............ _ ·_ .. :.; ····---· ·--- .. ,11- . 
- • > 
-- ••• - - ••• ,. •• _.. __ • -~--- -· •• '"' ..... • ·:., .. -~- __ ,__.., • ., •.•• : •••• ,. ............. --- ·······- •• ._ - •.• ·_. :. -..· •. '. •• ~ •••••• • ••••• -. _: -
.. -.-
'. 
. . '-":"". 
'· 
• /,I •••• / 
. ,--:-----._ .. 
•• I..)· 
·,.,__, . 
·. J . 
10·· 
• /"' P•.--,.,'.°./ 
'• ' .- : 
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-~ .-,-
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1 
• • 
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' 
. qf optima:J__ solutions (NOP)- s-houl_cJi. ·be tpv~rsely propprtio~al· 7t9. ti}~-._ 
' 
. :~ . . ·,. . ... 
varian?e, a~,d' th'e %·', ~wit~l>,e·s q1;rec;tJy ·proporti9~al -t(j 'Lt.he'. ~va1r·i·,pc~~ : 7., 
·.-· ,_ 
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·· · .· • · Som_e Ov~rall Res.ults 
. ·!- . :. -· 
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. "Ii . ',. >:;;.· 
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For short operations, itis unlikely that an e~_ti.mijte w9uld.''be ill 
\@:r:ror by -~uch a 1 a:rge percen ~age 0 
. 
. 
we: s~y an ope:ration Qf time = 1~4 is counted as a_ :OO!l-switch if tile 
' 
time at which it do~s swi tell i~ grea_ter than Of -eq~~l to lQ •. · Al$o 
·o· 
. count · an o.peration of duratipn s~.9 .as a nQH-SVfj.t'cb-· 'if .. a. switch_ • 
' I ~. \ ~ ,. . 
occurs at a value ·of 15 or m?r~" . T:hi,?- woµtq trans.fe:f .14_3 QP~ra-
. 
. . 
tions· from the swt t9h. to the :pon.;_switch sid~ qf tJi~ · 1~dger .. · 'fJle,-._ . 
I.• 
_nop.-swit_ch_ p~r~eritage_··goe$ fro11118f2% to. ~9.6~,-. r:r~e J:>"~i:qt to·: pe ·- I • 
. made ·is that. a ·substantitll proportion of ·op~ra_tions_ do_ ·pot- c~qse -~ . 
Ghange in optimai' seqqence, ·with-~n practiQai JCimits·f · rt -~b(>V-lJCi' Qe. . . ~ ' 
' . 
·- . . ' 
· kept in mind, ho~ever-,. tl.1~t we are: only c·Qµs;ipie,fing c~ange-~ t~:-:Of,l~. · · "c~ ' . 
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. . Multiple Opti~al Solqtions -
_-.--~opt·imal. ~olu:tipns_,. then: ~ax·si.J for «-all ope:ra~:ilons·:-wil_l b~ ~r,¢~ter 
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max 
S· • = 0. The 32 ·matrices with more than one opt:imal sequence lJ - ) 
averaged 7. 7 operations on the ove:ra~l cri 1;ical path$ It ;must be 
kept in mind that we are as11uming that WIJ can still change f;rom 
one sequence to another, i = e., the schedule is . not yet. "fn :flight," 
There is considerable variation in the magu:j;tud~ Of positive slack 
among different optimal sc;h.edule& which provides move nex.i bifi ty. 
All Cr'itica1 Path ·operations OJ.1. hi:ne 
• 'j 
. I 
.. ·- I 
If an entire. colUl!lll pf s~a~ is c;11rriJ)loi;ed Qf all, ze;ioo elements, . 
- . 
·_· · there is a tendency .fo::r all operations 1n that coiumn · to fa11 in·to ·_ 
the non'f'"switch coiumn~ 
37 in.stances ilf which a column vector of ;111 · 2:f;lroes 'IV~$ Obse;rved in 
In 27 · of these· cases there w~re no. switc})ef3 on -~ny p~ these 
. operations a u ·.· ,., . 
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~er~~s ·i~ ~-e~e.;ral h~d · . 
~izab1e amount. It .sho-uld bt.e recall. eq tJhat 
· more o:f a telldenc:Y to s-witch o Lack of t:im!:l has preveµted fcirthe:r 
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XIVo .GONCLU~ ION~ 
•'\ 
I 
... An invest :i,. ga ti on of ·this n~ture has·as its goal·ttie dj.'s covery 
of some rule or· set of :vuies whi~~ are ops·e:rved ~Q -q~ opey·~d in a · 
. . 
. 
clear cut 'majority of -:i,nstanceso · Ullfortunat·ely,· evidence ·of .$U~h \. ' ,. . . . 
unequivoca~ rules.wa,s riot observ~do A., f.actor of SQm~ ·~1·gnif;ic~:nc~· · • • • ' • • ' - • _.I . • • 
' ~ l ' ' - ' • • ~ .. ' • 




. ," .. ·:. 
'i: •. _ I' 
.·, 
further Observations 0 
. . . • . . .• . ,;.c..'-,\ ~ .•. ·_ ,- . . 
.. 
./. . ;.. ____ , 
·, 
; , ... ··. vsuaJ.ly, whep ·one $8~·kS ., : $<>"lut-ion_- to· a fi9w~hpp · ,·fChe41rlling·_ . I 
. . s . 
. . , . . . 
. . is, discQVe;red~ \w(tii a n ttle 8ddi tiopal eff o:rt (at ;t~a~t whj!~· . ' . · 
• ~ 
• 
"'-~~ ·,-•• .'' 




• • . • I 
,_ using ·a ijranoh· and BoUD~ .alf:prittµn) )muitfp1·~ opt:tma.\.·s:9tui·~ons·. ·c·~q:·· - . ____ _:_ ... ·. .· . . ' . . 
. . . . : ' 
. -~ . .- . ,--,' ·-----~ :·. ·. : . ·, ·.·. . . . · ... ·.; :- . .· .. :.. ;· ·-
_. 
-_.,. . 
. . . 
---·be found :if'·th~y -exist ID This ·can. provid~ ~··· s~heduler. ·witJl .CQJ;l~ .· ' 
. ' . : . 
. .. . .--
.··that operation~·fo:r whic~ the_e.pt'imates· a~e m9st'in/ c~.'oubt ~~e ' .• I ' . . . . . 
. 
1 • l . 
,· ._;,;~· 
-.·-; '~~ ... ~- ·...:,~·-~ ,-.-.. ;:;:~ --- -~ .--
... '-,'----··.·,·./,·-. - .·.· 
_,·· placed so .ihat· the:y are g.iven.~ ~a~tmum- amqmit of: ~'.la~k, I.:t. may . · /:. I . 
! even Qe advan.iageouS io selee:li a( seqtien(.!e which .is no:n-,ept;i.mal ·· · 
· l 
· (io~;, has {l g:t;eatel' mak$i;p~nl bµf ~~s mUlttpte optilll~l·-.$0;,.utJQnS / ·l/ 
.. · (at 'that value ·()f ·.makespan) a~d· hen9? more ope~atto~i; ~ltb Jnor.e ·· .. ·.'.' .... ··... :., · .. ,, p 
--~ ""·"""" 
~ ~ . ; . . 
· - M:u th2i . concl ude11 t~~t . iJJ,~. s.clledUl¢ · !'llalcesp~u · 11:l. ~ot .·· Yery . sen s_i,... 
> . ~ fiVe to mO(ier8.t~ly large e;rrofs' tll estim~t11;~ ()pe~atioii ttm~s. '-si11Ce · · I 
s 
. I • !', · .. 
. cf: . .· Fi, .. 
1,, .. 
9 .·.· Lr 
over . fifty per cent of. til:~---q:per~tj.ons .. dJ~.'-!Ao~ -Paµ~f:l · a,. ~w:t.tch. iti. 1:he -· 
• 
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53 
' optimal -sequence, \Ve can . conclude in a simi~_a;r- n1a:q.ner ,· tb,at the 
- .. 
' 
origi~al g:roup of· optimaJ sequel}ces is not v~fY s~nsi ti ve to 
moderately large errors in estimated operati~n tiiqes wh~n one of 
these-times i.s· increased while th:e others remain constant. 
In oth~r wortls , gi ve;n · tne 
c·· 
1, . 
situation investigated by_ this t-hes-ia ,-
the .action, "do nothin~_," has .a probability of better' than 011e Jia.!f 
of producing .an 10ptimal 'schedule 'for· 'tJie :rev1sed problem O. Any 
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• I 
XV~ AREAS OF fURTH~R lNVtSTIGATION. 
.,, 
As direct extensions of' this investigat~on are ·several ques""'!. 
-
q tions: rr 
_When -the _?ptin.tal seqq~nce does s,vi tch ~ what is tne new 
. 
-
optimal sequence?''' 1',re the new optimal s~quenc~s ~ornied by·mereiy . . . . ' -
·~ t'?-~ . . 
1, 
. transposj.ng two jobs? · Or_1 _ are completely revi_s~cf ·pe:rrmuta~ions pro~ 
duced? Thi's type of investigat·ion mig~t -provide so~e .. tnsigp.t into 
the action to· be ta~en by a scneduler wtieri c~nfront~d with a . 
...,.•,. I, I 
; . .. . J 
C). •. • ..... / 
.. . 
' 
.•; . The. enti·re section wh:ich discusses per.turbatipns provid~s many ', .. 
. /A 
. . . 
' '•' I.' ' .~' ,"' • • '., ' ' < ~ -', •' '. •, ' ' ' ,' ' additional· are;*~ of· investi~ation an·d· 1lligh1> be inclucled tµider this" . 
~-J"' • /. 








By selec~ting any static_p:robl~m with·its vin.ique objective·fupctio~-- -.· ,:~-'"' ' , J ,.._ I ::., I,:_. ~;.,1- o '- ·5,J. ' .. '. , --->., . _, .. "":~- ,_.··~ r ',-' • '.l • · ' 
· and ~pnstrain:ts, and -bypo·t~esizin~ a cnange in ~ pr~iori ·info~mationJ_'.:· ,\ 
( 
' we· _find an intere_stin~ possibilit-y_ ·for; ext~n·sion pf this work11 'I • ' ... I•:!!" 1[•1 '".'''' "., j L .' •' '·1' ·'~ 
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4 5 Total· 
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18 24 . 18 
SW Ml 21 11 14 
M2 17 l4 19 
.J' M3 20 · 14 17 
·· M4 19 ll 21 
', 
-- --- ~ -' - --- ------ ~ ---r - --- - ~-- ----L -- -- -- L --. 




L .•. • 0 • 




'.._o.· . ~., 
·, 













2 SW .. 
.1 NZ 





. -~ . -· . 
, .. 
. · 
"':. ,.,,_,.,., .. ,. 
·--· ·- ,,, ., ·-~ . 
.. '• C .. 
' . ' 
...... 
- ··*· 
..... .o,...:. .... ,.,.· ___ ..c;'--·--~si.· .... _.-:,-·' -'~'---'"'·'·,·· -· .. 
-----:--- - --- -·--··----;--,<---=-------=._ 
.... -,,.:_,...., 
• 

























'' t?' . . · 
.,., · ... 
. · ' ·. . (I.I 



















' l : 
' =, 
' · .. i?". 















































------"-'------".~----. - ---:·:,,-- ... -, - .. ~;;-;,:.:..·;-=:-z:.:-::;;::!.::··--- . . - -
--~----
I· 

























' l Ii 
·. fi 
· 1 ' 
r .· 
l.:.11:. J:; j', {~! 
H 
. ;: :1 
-t·I 




. . : : ' . . . . 1 .. 'i ... -.' 
.. ~ ... i .. '-·. f'. 
·1 ·• •• • • ~ ' ' j' ~:· ; . 
. :· ·· . ;._. ·. · , , , .·. · . , - r:-1 




.. ' . • . . • .. ,: ! 'f 
. . ..... ,, ' 
·423' 
. ' 
2Q6 ..... : :'/ ' ,i J 
:i.':'1. 
':q 
. ' • ·, ,,1 
-~ ' ' .. ' - l, ? 




~ 'l87 .. · 






_' ...... •.· . ~ 
f1 
f; 
' fJ ~. . . . 
..., ' ' 
... '-' . 
, .. 
. :-.,, .. -·-----~ 
..... ' 
.· ... ~ 
' .J , - . 
.. :· ... ·' 
. /\ •, 
~· (}. ' 
.~ .. 
..·· .. r. 
' "' 




- ' ' 




' .. -·.·:·.· . ·.:·.,.-~ .. · l'J
. ,:} 
. r 
. ' :- ··1 
. I '. ,· • ... 
, ... 
' ' . ' r:-.-, 
· -· .. ··. . 11 
···r··.·.·· ... ~·.·. !.-if ... ' '' ·. ': ·.· .. ~ f1 
:. : .••. , . . ·.. r\l! 
. . . . . -r) 
t'J 
• • ~ .. , #. 
·r,' . t· 
rJ 1;:;l 
. ·.· Ji 
', f>: [' ~.:_ 
. L'.; 
t f .. : I ;~ ~·:1 
r. 
.. ' ·. 11 "I 
.f:.- .. 
- .. :-:-..:..~ -..... ...., ··--.,----~.~7~4::.:==.,-,-=-....,;-;·- ·---
·ft 
. ·, '- .-- ..... 







































































----~-----:-;;;---:::.- =·· =· ---~-==-,:· 
61,. 
GROUP 5 

























· 22 19 98 
21 17 83 
18 16 75 
11 16 69 
21 --·-- 17 ------~ff 3 ---· 
18 V' 20 89 
16 18 90 
63 56 273 
. t 






149 142 ''685 
171. · 178 915 
320 320 1600 
10~ 131 119' 
57 
551. 














. . . ·: ,. ,-·, .. :····· ,- .:·:.-.:_,_ .. ,·:· .. ,., .. :, ....... ; 
,. ' .. - ....... " ,., , ...... ' ..... ,. ,., ,·' . ,.- .... ~., ,. ,. ,. ,. , ... ' , ... , ..... ,. ' .... ' 
·: .', 
..... - . ' ..... , .... 
r, t r·· I , ·, I , • 1 /• '.'." ,., ~ 




. . . 
. . . .'(lj 
. · .. :---~·. ·'-
. -t .I 




. ,.,._ .. __ ,,' 
:):·,· .;,..-..... , .. :·. ,-,-;.~ ~·\· . 
. ~-,,:,, . 
~ ~·., 
?",1' -"'·'· ,.._ .... :... 
-6.:c ._,"· ., ,~ .. , . 
. \. . . . 
I - ~_s-~ , '. ''. ! . . . .... .. : '_'/lo\ .. 
.. 
. . ··,~ ---- ~?-. ___ · ··-· : __ - ' .... -·· - .. -.'· .... ~::. -------·------~---··· -~ --- -·--·--=~-- ·-~-:-~'.. . ' ·::r:.._·· .. -_} .,, __ . -- ~ . ~- __ ...,: ___ --~ . { - ·----- ·;,, . ..•.. . 
,·· 
. . ' . ' 
' .. .. . 
: ,. ··~. . 
<J. . . 
.-::... . 
. '· 



















•,.: '·· .' 
. .• ·,O: 
.......... 
. T ·, 
-·· . 
4-,,, -- . ·;.r--l • __ 




·,. ---~--- ,.J: 
! 
. . _,,·: 
n x m =; 6 x .3 
Set # 1 2 
NOP 135 155 
SW Ml 20 25 
M2 18 15 
M3 26 30 
123 SW 28. 41 
·---·- --~ ---~--~ -- --- -------
456 SW 30 l,;J 
789 SW 6 13 
SW 64 70 
NSW l.16 :110 ., 
OPER 180 180 
ZERO 88 86 
2 SW 32 i6 
N z p2 94· 
.. 










Dist = Unif. , r ~ 1,. 9 
.4 5 I ··';rotal 3 
117 113· 144· .664 
. ,,. ~-
i6 · 33 ~ .: 
~l .. '125 ___ .:.,.r --
30' 
~l. 24 .. 10s~ 
22 25 27 130 
""-:---·-..:,1, 
35 __ 37__ 39.· ,.,J80 
-------~. 
29 2·6 23 122 
14 -c 16 20 '69 I • 
-, .. 
·78 . 7$ 62. 3-73 
,, ·102 lOl- 9~. .529 
-
• 
=!80 180 1·ao 
~00 





91· a1 91: .. · -~43 . ~
,. 42 41. 35 ' .. ·11s: 
S9 'Z'.'> 9~ ·a9 '. 457 ·, 
., 
.36 38 4·7 197 
......... 
·---.-. 




. . -, . . .·- . . 
.. ;_ ; ... :.· . .. \' .. ·.· .... , ... : ...... : .. ''. :._ . . · 
. -~ .t 
-·-1:-.··-· 







. . . r ... 
. ' . ''AP 




.. ~ ...... · 
-~ .. - : -
-·1, • 
. ' 
_.: .... •, 








... ''·"""' .. 




- --· -:_ ...... ,_,·-·,,-. ··-::::---. _....:.__.:._. - ...... . , . 
~··-·-:-:::::-::----~~---::-----·~.:.-::::::::-.....:_:_:_::-:._ -•~·-==---'----.~ ·,?._,_·-~-~ ~ -;::~ .. :~-- ·. ·-- ~-- .--..--_ - - - -~-=_:.:· . •-- --:~ • •- n<-




































qROUP 7 '> ·~~ -~,/ 
..,,. 
ni 6 4 
.\,.. 
n X - X -
l'tS'J! 
Set II G> l- 2 
-
\. NOP 79 
\ 
lQl 
- · ... ;.,d\ 










. - ... 
-'·- ·. /• 
. .---,----·-/ 
.. I .. 
. , . 
.. /' 
.r . 
'' t . 
• I 
. r· . 
·r -















NZ . I 
NZ -SW 








. _··rf .: 

















. . . 


















' ' .... 
·, 
• ·- ·-·· ---· ··-- "i •·••·• 
. : . """' 
·---·--·--·----~-------... -~.--., .. _ ~-.------- ---~---. _...:.;,.. __ . - - -----: -:::::.~ 





















I. Vn1.~., 1 9 I• r· -r -r , 
~-·-.1 
4 5 Total · 
I 172 !07 f;32 
~9 2~ ,· 1~2 
31 -4~ .,. ·l"51 
.. 
31 .31 158 
18 2~ -132" 
.. 
--- - . -, ' ; -,---
sa-. &3 266· 
·32 ~ 
-46 187 




-14·1 l33 633·· .. •, ~ -- .. 
240· 240•, 12.00 
. 1,:. 
. ...... 
.I ,.- . 
. 
115 .· 86. f)08 
·7'S. · . . ' . ·-~-'- ... 
· · · · · ·. · · 4 ~ · · •. · · ..• · · . · ~ 85 .... · ·.·.•. .. • . -. ... ·"'· . . .. .., . . . . ·.· .. ·,_-_i_ 
.. 154; ·. · 
. . . 
··.·:68.: .. 
. .'.'. !~ . 
~-
·\,1 ')~·.. . 
-, ': 1..-;t, 
·- ·. -
i/ 
f . ·6:;., · .. ,, 
.. ·, ·' 
... ~ 
. . ··:.;; •.·· . '· 
. ~·--- .... ' 
-··· .. -.. . .; 
.. '', .. 
.• ..,.,., . ' . t:, 
. . ' . t1 . 
-~J-~~ ·.· · . 
. .:.,. .. ~ 
. ; . .\ 
·1 
~: --~·... . .. ' ·,-=~' -









. ~ . 
. -~ 
-- .. -,.~ ~ 
.. ----, 
'·· 
: -:.., -·- . -. ~ 
•·.· . 
1·:-
. ii . 
' 
'. 






- ...... -· ------ --:,.:-~-,-.,--,-0,,. ·-= ·~·-,-,---::~- ------------. ~-~- - - -· ----
' 
-- ·. -·---- -· ... ·.'·-- --· 
. ' 








--.. r ·-· ~---=······'"'"~-. ···---- -~~-
Ms 











. . . . ZERO-../' 
· .. --- --/····------~~--- --- · -- --. .. ·--- -·- --.. -- -· -- -2: ·: SW · 
. . . . 
. ,. 
___ .. NZ 
N ZSW 
.J •. -
. •· ~ 
... ._ . 












J' = 1, 19. 
5 
34 l~.4 
2-0 . ____ 22 27 20 27 116 
\~1 ~ 
'.i.'7 28 ,, 31 29 ~l, · 1i6 
24 27 29 33 · 25 ·138 
2-1_~-. ~,---~~25_~--~-~--~-2-4 •- ________ 2.9 .. ---~-_c_ ___ ~--2-6-~--... 0- .• l.25 '· 
I 













, 'i.'' . 
52 48 p4 
··42 51 
~. 
29 38 40 
'123 l37 0134 
127 113 .. 116 
.-· 
250 250 250 
79 87 96·_. 
46 ·. 58 4~ 
.. 
111· .163 l54 
·, 
77 79 85 
- ' . 
c::- •• : • 
.. _ .,., .·-... .-·. ·= ''• -. · .. _ . ' . ,., ...... -. ... . . . . 
;~. 
48 239 




250 1250 .· ... 
84 - 46Q · 
49 
,.. ~44 





~· .. ti 
•· i 
. : !/ ' ' . 
~-,I • '.· 
.. ?:/ . •··. 
. ", j 
.(J···· ' .· . • .· :'· '.:c~: ~-~'.>-> ' ·. .· . -....... ~---.. ..,.,.., .. -~· -.. 
. . .. 
• \ I , ~ ,'f!. 
( ~- : 
! .· ; . t 
. , 
- -· <) 
.. ~ " 
. '" --





- ' . 
. ,....---~ .. 
. ~y;_.,,., .. · .. ': 
-' ,·· .. (".· t). ... '··:· ... •·. ' ' ... ' . -'. 
-: ._::. .\._:·'/.'.:·- _. ) ' -~- ·.'· .. 
·~·: -- ·- . ·. ' : 
,, 
; 
,f • ' 
.. ::·:. -..•. ; .. : .. (•'·"'"'"."" 
.-"' 
..,. , 1 I 
; \' ......... - ' 
- ---- - . . 




__ :. _ .• ;.. ..... ~---. -- _..,7_ _ ....... :<!:;: ~~--.. ··---·":""" 
.. ~--~-.:.1:--·i -~~-•.• f. ' 
--
-~-~ .. :- . 
. . -., .· . 
---------
-- f" ;:, 
. . ' 
. ~. -









• • • .. • • J;' 
··. ~ : . .. ' .. 




I .. · 































. ~ .. 
. {-_ .. .. 
_· . "'-'7 
·i, • • __ ,., 







.... __ ,..~ 
,:.;; . 




















•. Q' •.. 
N Z 




.' ~:, . 
' . ..,.)-
. ~1· .. ···. 
4 •• ..,. 
. ,:., 
'""'=7./7··.·· 


































. _: _____ .f__ .. --: .. • 






























240 . 240 
94 l Jl-1. \ 
3~ ·72 







': ' ~· 
-




.. _ ............ , ., 




























~as--- --_ ... -__ -· ~----c--.--- -~----













-,: : · IA - ' • • • . • ._ _. ' 




. . ~ .-.. .... . . 
,' ',' 
.- .. -· . . 
. .,~· -
. - . . ·. : __ . -~ ·-·:(":/' . 
• • 
0 
•a.· 4·73 ' ,. ;u.:, • • • i ' ; . . . I 8.7 
._.;J(? 
l53.,. 
' " ~30 ·.:; \ ' : ;,-./:-): ·-. ·-. 
727 
.-.·_ ·-259 64 
,.·_ ..... 
. '.· ; 
~-- . 
.. " 




I "t. • 
:0 
- ~- . 
:- ... 
'~ 
. ~ -~ 
~ i....,· ·- . -
- . ~I • , • -. - . 
.. 
... '.,, __ ., .. ", ,,; ..... _.' '. 
.. 
-~ 
.... _., !. 
. . . 
-:- . 
-~ ., . r, . 
'' 
. . . - . -
. :." .' 
. i. -
. ..... 
.,-- . :•, 
' 
.. i . 
.I ' 
. -
- .... ' ' 
. ,' ··. 
~ ' 
. 11-
-· . ()J 






- . ···-~-----.. ------ - - - ' . . - . . ---·:--~--.. .: .. ·_--1--- --,-... 
- -























.. _ ,."'. ...... 




' --·· ' . ' ; 
- :: - . ~. ··_'·.·· .· .. ·. · .. · · .. · .· :·. _:_.· .·•.··.·.·. ··.:,(· ... · · ... · . .. 
. . . 










.. . .. ____ ,__ .. -=~--
66 
1GROUP 1.0 





























21 26 14 22 -3l 114 
-
---- .';\ ' . . . 




' . . . ·· 1•_: 
. . I 
-~& 2-1 ~9-... -. ~--~----2-0-----.--~4-c---------------l-03 -- -··-~---.. -.~ ..... · ·-·-· ____ · -. ··--- ----·-· ...... --.-·· -- ---·; 
8 -SW . 39 
'.9, 10, 11 SW ._.,.,c.: ·····50 









• · • ·· ·,.,-.,,,,,,u,alll!J/.r,i,,,i,,_.1,r;i:r1r<1,i,r·1u:,:1 r / · · 
93 
44 
32 . 23 
• 
;36 41 
















.1~7 \./-~\i 7~. 17~ JL6Q 
: . 1 .. 
' . 
. . - -
.,- . -::::·.;-.-
· 64 ~7 
/· 
-. 
.. L - , . 
.. 38' · 61 
. ~----~ . ' 
. r.-,1,, 
... 











... , .-.,.;, 













.- • 'Ii>.· ... 
a •. •. ) : 
. ·.···.cc=> 
~~ 
-.. -· " 
. ~-:: 




, . ..~ 
... . . 
. ~- . ~ .. . 
., ' . . . 
. . .. ·, 
: -.···.· ".: .·· '. 
.. 
.. . ,· 
.... -
·--···.: ... ··: ,. . 
.-::,_· . 












.. '; .. 
.,.,,. . ,·. '· -'_ 
. ,. 
, .... .or"-~-~........... . _-· . - - - " . J 
... ,·-··--·--·-·""! -/' 




~ .. ,·· 





















--· -----·--·-·-··· ---. ·-· -----·--· ---~---·--------- -· ---~- - .:1VJ5· 
·a sw· 
9 , 10, ll 
n :x;. m 













1·2· .. sw 
~1, . .... 
SW 116 '--
-·- ,· N,,_SW 134 \ ' . 
·OPER .·-~5·0 i ,\, I 
















29 .. · 
























2 Q . 5 .
94 
.51 




·23 24 ·, I 
29 22 
si ~a ! 
34 15 
.!' •• --~-----· ,.--
--· .-~-----· -·-·· ··--
-
, . ·34:·, . l-4 
1~ 45 
46 ~4 
32·· , . 22 
--< 
l?~ ,·,·91 
99 ·1'59 . ,; . . 
250· 
,·• w ' • 
~5Q 
ss· • I 
.,P 
·:54· 47 



































































- ------ ---~ :........ . ..l ••• 





















.. _ .. 
-._. .. 
.. ~:.__, 










, . 0 
..... _ .. :. .. :..:._ ... 
' 
' .. : 
......... , . 
_..-
,. 
... .:. ...... ... 














,,i,:: - -·· ... --. . 
~-: 
. . ·-·· ',, 
-. 
' ,'J. < •• 

















Use B&B to Find 
All Opto Seqo & 
Mino Makespan g 
. I Calculate Slack 
.. 
...---Matrices for All 
Opto - Seqo 
\ 
Compute 





1 .. :J) 




Use B&B to Find 
One Opt Ct Seq. &:, 











k :;: k + l· 
g = gl 
·.i;· J'·-
\ 
. f - , . 
. ---··-" .. ' 
., . SIMPLIFIED BLOCK DIAGRAM OF 1VIAIN PROGRAIVI -
·, . 
' ;;l . 
-~ ' 
' 1·. J,1--_ 
1.- _c· 
• ~ ,{: I .' ,' 
.. ........... ....:~ .... . 
_:. .. /. 
--··'··· --~~--- --
- .. r• ~ -. • . • 
- . 
----·-- - - -----.--·---·.-_·-.-·."''·----
'_, 
..-•_ ..... , ... :,_, .. ,"···· ,-
. . ~ 
•• -- - D 
.\ .. -
Jli... > 
·:· ' . -
- - ·- - --· -· --- ·- ·: -----:,~· .. -~::: -~ --,,----- .. ----- --:~--------:·-~~ _"': --- - --:---:--_.,..~:- .--·-- ·.~- ' ----- . --· ·--
• ,d., -: 
. \? -·--~ 
.· ...... · . 
... 
• 




. . .. -- .. : .. ,, .. ·, 
.·.· ... 
'· ··-
: • ,. > 
-
'-4 












,•11 1u· ii · 
'':']_ 
I :(( ·: .;I j\ 1 














.iUJ?TM ,-:MXNOE,NU.MMAT • 
- ' ~ • 
' ' • > 
• 













































































































































































-r ) . 







































































_.- . -- ..-
-187. 
·188 

















. ~ ~ 
\ ·; ' t 
. -
.. 
.. t 0 
/ 
.. 
., ! .) . -. ~ 








200 ,, ,. I t I ... - I r 20:i j -




e7, r ! 1 I 
20l ! ) l ,: 
·.i. 
,,. 
I ! ,. \~ 
284 ., . :· \ ·i 
' 





. •· l 

































223 :-t . 
1 224 










229 /. - i 




I ~ ! 
; . + 





l j. .. • 


















I i ! 
1: i 
. . ! . 




t'i '. . ' 
• .. 








. - : ti .: 
I 
!> ' ; ~ • 
I .• 
- . . .),, -
. ' ·_ , ·)'' . ' \ . 
.. . I . 
. ~- . 
'; I 
'. ,, .. ·. 
.. - .,' 
.... : 
. ~ . 
. . . . 
. 238. MlNES=MING 
L 
. J .. 
. i : '!•. - . i;. .• •. 
. ~ ' ~ .. -: . . . . . . 
.. i 
5 0 5 /I!\ J N Gl ::; M J N c; · . ·· · , 
· · ,, • ' GO TO { 185 9 540 > , KT . 
1! ·. ! 54oiJNOP=NOP+ l ·· .• · · 1 ,. , 
i 'if·.... ·. SS(J /,~ci!~f !b2 OJ .54J t541,·5~i r 







:·."'· . - ; 
. . . 
. ; - ,- ... 
•· .. 




I . , 
I I . 
. ·l · 
. I 
. I , 
. I •. 1 · ·. . . 
I . . . 
! .. 
l 
. l : 
i 
! r . 
• . ,_ I 541 !NOPl=NOP · 
NH~ l . . . .. . . . . . . .· .· . ' . , l 
f .. CAlLGANTT(NUMJ11NUMM,NODE,MATRX.,SLACK,NH) . r 
. i 
, .. ·; 
i 
.-· r . 
. i. I 
·. . , . J .. : . oo s So· :f= l ,NUM J ·· . . \ · · · ! 
' ,r, ' . ·. , I 5 5 o · o P s E Q ( r i!i.N o P ; 1 ) =Nooe :t 1 ·1 I I : ~
1 
r .· · I 
,! ' 'i · ·.·. l. . ' NUMMI=NIJMM+1 . . . . . ' : !, 
i . 0 0 5 5. :, lJ~ l , NU MJ , . . , · • ~· . i . 
' . i \ DO 555 ;K=2,NU£14Ml [ · ' 





I , \ ' 
, ' .. ,, 
/ . 





;/ . 1· ·I 










... ~. \ . 
, I ii . 
i 
i 
·. i . : 
. :\t~r p 
: .~/i; . 
: > \ 
. - . 
1 
. ~~;;~fivl'JOP,K)=SLAdK'<I.Kll 
555 1dONTlNU~ , . 
185 . I I= JI )l . , , , .. , .. 
·.195 R=O ·. · '> / .. . . . . . ' . .. 
1.90 . J{~~+ 1 · 
Go ·rocs10,s20).'. KT - .! 
' I . ·, . ' 
.. 510 .IF(MINES-~(R9II>>2oo,2oo9239 
520. lF(MlNES-G(1f, II) )2@0,239,239 
· .· ·. · .. · • · -23 9 ,, I F ( f ( R. , I I 1 l ) ) 2 0 0 9 2 0 9 t 2.0 9 
\ 20.0 lIFIR-NUMJH90,2401,1-9o 
: -.240 1F~Il-I)l859·53(J9l.85 
J ... 530 GO T0(560,565)9KT 
. . I 56>5 Go" 10, 6<:>o 9 ~3co > 9KT2 ·. 
. ·. • . · ·[ 60 O I F ~ MM S-2 ) 6 0 l J 6 0 l 9 6 0 2 . . 
<~ ."liHll CO~T I NUE , · · . . .· 
---
. l '. 
,i 
. . ' 
.. I 
. I 
~--_,· '-\····_ _. (.·_····. 
. ····: ·_ . . . -. ' ., . 
~ . ' ·.. . 
, ' 
' ' . ' .·.;.. 
. : . ~ 
. ' 1 
. , 
' ( 





- • WR I T;,E ( 3 ~ 16 ) . 
I- .•... ·.1~ · FqRf1AT(lH1?'9 THE JOB ... TIME MATRlX FOR THIS RUN IS i . · . j 'WRJ,lEi(3917l ·· 
17' , FORlllfAT!lHOi, 8 JOB f'fOo. Ml M2 M:3 




~ . l 
. 1 ' 
·~. .?. 










' . i 
... ·.· :l 







- I : 
-I, .. · -
i l ·:' 
r . 
. . I 
I . 
. . -1 
. 1 











AS FOL-LOWS 8 > 








































































- --.. ----- v-1 . ;,j .0- _. ----c.iir 
.) - . I ' 
· · ·. / i · .·.·_. ·.· · . . . i· . · 




l .I i :/ . ' 
. t' 'I • 
1' ' . 
' 1: ·J . 
.. ·•· :·_ .. /1 ,. 
- r· : I . 
''.1. -
:I · \?:,. - ... _ ·. __~ ' . 7 . . 
... '.j . 
·.· 1 .. ·. y 
l 
' ,j 
• I . 
'. l 
.. I 
. I i 
. '( • I 
.•. ' 1 .: ' . ! 1; 
:/.;( . _!, 









·.·· .. l . 
. . I ... 
. ' jj 
' . '-·i 
. J . 
·. ,' J : 
- t-! _, . - i . ·~· . 
. · •· . 
:'i "("<. . ,; . 
' - - \\. ! - . . - "i._ 
. ... 1· •• 
. . . 
. . 
• I·-·• .·. ···=-· _... . ': : . 
' ·. ~" ') ·" ,.. , . ' 
; c I,·. 
• .· I -- • 




·•oo· .•2000: ·I=lipl\fUMJ .. ·· . · .. ·;· ·.· 
.. ' W Rl TE ( 3 9 2 ) 1, ( M .(Ti-( }( ( I , J ) , J. = 1, N UM M ) · 
···.·. 2 . ' FORMAT( fH, 9 2X 9} 3', 3X P2(H 5,. . . 
2000 ' CONTINUE· t .. 
. W~ITE( 3, 1a) ( TOTM T( J) ;J= 1, NUMM l, 
18 .· FORMAT( lHOv 'TOTALS'. 0 ,20I5 l ' . .-. r . ' • . , . . 
WRITE.{3,5) ·. ' . . 
··· 5 FORM&.T(lH0? 0 .THt: bPlT}MAL SEQUENCES ARE•) 
' ()Q 580 J=l NOPl . . 
- . . . . . . . . ' -
. ·· .. WRITE( 3.570) (OPSEQH ,J,1), l=l,~UMJ >. 
-576f F.ORMA-I flOX.9 lQ) I 3) - . . . ~-
. . . : . - . 
. _ 580 ·wR· ltE 4 3-i;, 59{) > 
59-G . FORMAT (fHO) .· . 
. r . . . • . . . . . . . . ' . 
. . ,.~ . 
- ,J.. -
, \r I . 
' 
. ' ':' . 
·:,·. J: ... , .. '' 





















: I . 
I , 
I " • 
1 . 
· 1 · 
- l 
r 
. I - . 
,. ' ~- _'), -·. 
. . . I . . 
·., j •., 
. ... >( 
.. ! 
\ ' _,, ; ', . . ~' ! . 
.· i 
WRl·TE-t3cv595) .MJfNGl ·· 
595 FORMAT~lH0~ 0 THE OPTIMAL WORK DURATION 1S 1 ,I3,/) 
.·.· .. WflITE(3,596» . , 









; • I 
. . 1i' 
< ; 
'', • ,. > • I ) !., 
. ! 
• '. ,j 






: ,, ! 
'; 
' 
' ·-~ f 
. :j . . . ''' ' 
• . • • . I 
: · .. . , I. 
I 
. I. 
. ,., ,1··. 
,. 
. . . I 
. ' .· .·· . \ . 
.. . 
_, , _v , . 
.·. · DO 5@3 J=l,NOPl · · · . · 
• ·> . . . DO 502 X~!,NUMJ • 
;: WRilE(3,950i) (OPSEQH·,J9K) 9K=ltNU.MMll 
.. · · ·..• 5-e 6. FORMAJ ( llD X t. 12 1 5X 1> l 8}3 ) 
·~so2,. · CONT lNU·E. · 
, . 503 :WRITE ( 3 ~·504 )·, 
· 504. F0RMAT<1Ho\,J/). 
. ,~ W'RlTEl3,833)NOP: 
· .. '933 FORMAT( 0 NB~ oF OPTiMAt SOLUTIONS ~·vI5J 
.·. M1NG2=MING1 . . . 
•• 
1 
•· •.· 602. NOLO=MATRX(NAPNB l 




.' '\ . 
. . . 
~-· . 
,.,; ' 
~ . . .. •· 
' . . . . 
NT=o·. · · 
·· ~ . N81=N5+1· ·. ·. 'i . . L 
·. Mil\XSL=o, " . . , · .. ·. \ , · ·· · 
.··· .. DO 01-0 I =l ,N'OPl .. . · · · . 
·•·· ... , lF(M4XSL-OJJSEQll\JA,lgNfHU,609g.6,lO.f6lO- '<. •.. · 
0,09 ·,,MAXSli=Of'SEQfNA, I i Nill) •. . · ·.·. ' .. 
. . . . .·, . . . . . . -~<· '· ' . . . ' . . - . ' ' . ;: : . . 
·, ' ' 
' 
· ... -. ' 
. . . 
.. 
• ! • •· . 
. ... ' .. - . , ~ ' . 
. . ' . 
. - ·1 
. -- : .. ' . . . 
. . ~ . 
... •. . 
. . ·'. . . .. '. :· 
' ~· . 
. . ' 
. . . ' 
'f •, . '" . ·, 
: . :- ,•. ~.. . . 



















. . t . 
. I . 
i . 
. . I . 
. ·' . 
.. .• 
! . 








































· 1 ~ 
! ·,, 
i ' ' 
I •. 






! ' J ' 










·"' ) . ' 
; ·.) 
' 
' 'p . ' •. ' 




. i . ' 
,. J< •,. ~- . ,, 
'. ' 
' -
• • :j_ _f .--
· .. ····· \) 
,/·.·.' 
···.·.····./ 
. . . ·\~ 
· 610' CONTINUE· . . 
1 
· 
; · MAXX «NA, NB), =f\11.!\XSL, · '.. 
. . . NE=MAffRX (NA, NfH +MAXSL 
615 LMl.l'JG=MINGl. 
. . .. · ·. ·. . / 
NE.=NE+l;C . . • . ' 
.MAr~\xJ NJ\.,Ns l =NE \ 
!~ ' 
. N·T.=N\T+l t 
.. · .. lF(Nh°-ll)6i20,6l'l,611 
· 6,11 C·ONTJNUE ) .. 
. MAR/TY(NA,N5)=10090 
... JO"BvL (NA/Ne ff 100@0 
65·1 C 01\JT I NUE · .. · ·I • .· 
.· c·· . . • 1'1- l N G-1 = M l NG 2 >~: 
. MATR X ( NA 9 Ne) =NOL .. O . 
·. . '. / '.' '. . . . . 
IF [Nfl-NUM·M) 481;9 482,482 
'4-81 f\JS=NB+l 




. . . 
-~. . . 
'' .. 
··, · .. i. . , -Go,ro 602· 





·.. I ·a 
·:··. '.· .. -
' . .·. . ~·- : ~
,' ' . ~ 
~- . 
' · .... 
.N· Isl = l· · . . : ·. · · .. 
. ' ~ ' . ' . 
. r · .. · lF<NA·-NUMJ>4s3_,4s3~58s 
483 , ~~2T~ J,02 '1.· ,. , . .,,,;: ' 
620 MINGl=M.!:iNGl+l· 
KT2=2 . " .. 
, ~40 N:OP=O · ·. :·-<\ ·. 
·.· KT=l 
. GO· TO· 18@1.: · . 
. · m.ao If ( MlNG1(;..L'MlNG) 63:5 ,635, 632 
· · 632·· -CONTlNU~E. 
,.·. .- -· ' - ~ : 
· ·. GO ITO 615:; . , - : 
635 ·CDNTl-NUE · .. 
. IfJMiNGl-MlNG3)6t5~6IS,67o 670 -CON,T INUE. ·. ·. . . ,. 
,· ' 
. . ,,.. . 
. . , ' -.. 
-. ' 
•.·. 
I • • ~· • ' 11· ' . . ! • ,. • • ~ 






. ·-- . 
\ '.: . . . 




~ "} .. 
; 
. '1'··· 
.·- .. .,. 
;\. :, . 
I e .. \ ·.' 
·v 
' \ 
! ' .- .. ' 
•, ') ' 
. '-. . 
. . 
, . ' 
. ; -~ . ' ' .. 
.- . '. 
\ . 
' <, ' 
: ..... 
. . . . . 
.. : ... 
! • ·i •. 
··- ' ; . . . . ·: ,' 
' \ 
~·.·_, ·o .. 
.. 
:I. 






; .. :·: . 
' ; ' 
: ~ . . . . . . . 
- 4'. 
i · .•• 
. -· ''•.·\ . 
.· . 'i 
•,' 
. ~ .. 
. . 
.. ; . . . . . ·:·.. . . . 
.... ·; 
. . .. . . . 




























































.., . t . 
I , 
- . 
·.if ; .. 
'C J. 
,~ING3=MINGl. 
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